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In the quest for robust and universal quantum devices, the notion of sim-
ulation plays a crucial role, both from a theoretical and from an applied per-
spective. In this work, we go beyond the simulation of quantum channels
and quantum measurements, studying what it means to simulate a collection
of measurements, which we call a multimeter. To this end, we first explic-
itly characterize the completely positive transformations between multimeters.
However, not all of these transformations correspond to valid simulations, as
otherwise we could create any resource from nothing. For example, the set of
transformations includes maps that always prepare the same multimeter re-
gardless of the input, which we call trash-and-prepare. From the perspective
of an experimenter with a given multimeter as part of a complicated setup,
having to discard the multimeter and using a different one instead is undesir-
able. We give a new definition of multimeter simulations as transformations
that are triviality-preserving, i.e., when given a multimeter consisting of triv-
ial measurements they can only produce another trivial multimeter. In the
absence of a quantum ancilla, we then characterize the transformations that
are triviality-preserving and the transformations that are trash-and-prepare.
Finally, we use these characterizations to compare our new definition of mul-
timeter simulation to three existing ones: classical simulations, compression of
multimeters, and compatibility-preserving simulations.
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1 Introduction

One of the most important goals in the development of quantum computers is the simu-
lation of quantum systems of interest, both in an analogue and digital fashion [1]. Mea-
surements play an important role in this effort, as they are the only way for us to access
the information of a quantum system. Therefore, in this work we focus on the simulation
of measurements (or meters) and in particular simulation of collections of measurements,
which we call multimeters. An extreme case of such a simulation are compatible measure-
ments. Measurements are compatible if there exists a joint measurement one can perform
instead and obtain the measurement statistics from classical postprocessing, possibly us-
ing randomness, of its outcomes [2, 3]. In that sense, the joint measurements simulate
the compatible measurements, such that it makes more sense to implement the joint mea-
surement than all of the compatible ones. A striking feature of quantum mechanics which
distinguishes it from classical mechanics is the existence of incompatible measurements
[4, 5], for example projective measurements with non-commuting elements. Therefore,
measurement compatibility does not capture the full picture of what it means to simulate
a multimeter.

Several different notions have been proposed in the literature for the simulation of
multimeters, all of them generalizing measurement compatibility in different ways. The
first way in which multimeters can simulate other multimeters is by classical means, see
e.g. [6, 7,8, 9]. In these works, a collection of measurements can be classically simu-
lated by other measurements by randomly selecting measurements from the simulating set
and then classically postprocessing their outcomes. Thus, one can for example ask the
question whether a given collection of measurements can be performed using a smaller
number of measurements or measurements with less outcomes, thereby simplifying the
task. Compatible measurements are then the measurements which can be simulated from
one measurement alone and are in a sense as simple as possible. We call this scenario
classical simulation of multimeters.

Instead of using postprocessing, we can instead consider a simulation in which the
quantum state to be measured can be preprocessed with the help of a quantum instru-
ment to reduce the dimension of the quantum input, partially converting it to classical
information. The original collection of measurements one would like to perform is then
simulated by performing measurements on this smaller quantum system, possibly using
the classical side information in the process. We call this scenario the compression sce-
nario. It has recently been considered in [10, 11, 12]. Again, compatible measurements
represent an extreme case of this procedure: instead of conserving any quantum system,
the joint measurement is performed on the quantum input, thereby destroying it com-
pletely. The simulation now consists of classical postprocessing of the outputs of the joint
measurements, thereby obtaining the desired output statistics. The simulation of compat-
ible measurements is therefore also in this framework as simple as possible. In addition
to generalizing compatibility, compressibility (also called high-dimensional simulability) is
shown to be equivalent to high-dimensional steering [11].

Finally, we can combine pre- and postprocessing in order to simulate multimeters.
This has been done in [13]. Here, the authors argue that a simulation should preserve the
compatibility of measurements, i.e., a multimeter consisting of compatible measurements
can only be used to simulate compatible measurements. Note that although the simulation
scheme put forward in [13] preserves compatibility, the authors do not claim that it is the
most general scheme which has this property. We call their setup compatibility-preserving
simulation.
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As we have demonstrated, there is no single agreed-upon notion of what it means
to simulate a multimeter by another one. The first two notions of simulations are clearly
incomparable, as one is only interested in the number of measurements and the classical in-
formation resulting from them, whereas the other focuses on the dimension of the quantum
input, treating the classical information practically as free. One way of unifying them could
be to simply combine them, using compression of the quantum input and classical post-
processing of the output to simulate. In some sense, this is what compatibility-preserving
simulation does, but one can imagine even broader notions of multimeter simulation.

Therefore, our aim is to find the most general definition possible of what it means to
simulate a multimeter by another multimeter. Our article is organized as follows. In Sec.
2, we present the main results of our work. In Sec. 3 we collect the necessary preliminar-
ies concerning states, measurements and channels in quantum mechanics and set up our
framework to study multimeters. Next, in Sec. 4, we characterize the transformations be-
tween multimeters as quantum supermaps. In order to understand these transformations
better, we discuss in Sec. 5 which kind of operations are encompassed by these trans-
formation between multimeters, including different notions of multimeter simulation that
have been proposed in previous work. Subsequently, we give in Sec. 6 our new definition of
which transformations should be allowed for a non-trivial notion of multimeter simulation,
arguing that multimeter simulations should be the triviality-preserving transformations.
In the absence of a quantum ancilla, we characterize the triviality-preserving transforma-
tions and the transformations which act as trash-and-prepare maps, i.e., which always
simulate the same multimeter. We conclude the section by comparing our results to the
previous notions of multimeter simulation. Finally, we end with an outlook in Sec. 7.

2 Main results

In this section, we present the main results of this work. The objects we are concerned
with are collections of measurements, called multimeters. A multimeter M is therefore a
(finite) set {M.|;}4e[q) Of positive operator-valued measures (POVMs) M., = { M|y }aeli]-
A multimeter can be seen as a quantum channel where all the classical information about
the measurements involved and their outcomes can be embedded in suitable quantum
systems.

Our first result is a characterization of transformations between multimeters as quan-
tum channels. The transformations we allow are completely positive maps that map Choi
matrices of multimeters to Choi matrices of other multimeters. The informal version of
our result is the following (see Thm. 4.1 for the formal version):

Theorem. For any transformation W which maps multimeters of g POVMs each with
k outcomes on a d-dimensional quantum system to multimeters of r POVMs each with
[ outcomes on an n-dimensional quantum system, there exist an ancillary system C%,
completely positive maps Ay, which form an instrument for any choice of y, and a set of
POVMs B = {B.|q4y}ac[k] ze[g]ye[r] Such that ¥ maps

g k
(ny) — Z Z A;\y(Ma\:v ) B‘|a7$7y) .
rz=1a=1

In the Schrédinger picture, this means that the simulated POV Ms {N.|y}ye[r] arise from
M as

g k
H[Nb|y9] = Zl Zl Tr [Bb|a,a:,y Tr(Cd [(Ma|:c & ]ls)Aar|y(Q)]]
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for all quantum states p.

That is, to simulate the multimeter IV on an input state, first a conditional instrument
{A|y} is performed on the state that might depend on the measurement y to be simulated.
The choice of y means that the multimeter N performs the measurement {N.,} on the
input state. The instrument has a classical outcome x and outputs a quantum system.
Depending on its outcome z, the measurement M., is performed on part of the quantum
output of the instrument, giving classical outcome a. Finally, another measurement B, . ,
is performed on the remaining quantum system, which can depend on all the available
classical information. We have illustrated this in Fig. 1.

w(M)f- = A |

Figure 1. A multimeter M is transformed using instruments A}, and a postprocessing B.|, ;. ,,- Quantum
systems are depicted by solid lines, while classical systems are represented by dotted wires. Note the
quantum ancilla wire connecting the multi-instrument A and the multimeter B.

However, not every transformation between multimeters can be considered a simulation
of one multimeter by another. The choice of which transformations one would like to rule
out depends on the application one has in mind. In this work, we take the perspective of an
experimenter who has a multimeter at her disposal and wonders which other multimeters
she can implement with it. Therefore, she wants to use at least some part of the simulating
devices in the simulation process instead of just ignoring them. Hence, the transformations
we want to rule out are the ones in which any multimeter is replaced by the same fixed
multimeter. We call such transformations trash-and-prepare, because they just throw
away the multimeter and replace it by another. In the case when the ancilla in Fig. 1
is classical, we can characterize these trash-and-prepare transformations. In this case,
the instrument has another classical output A and the measurements B, ., are just a
collection of probability distributions v = {1/,|a,x7y7 Aazy We have depicted this in Fig.

Figure 2: The simulation of multimeter N by the multimeter M admits a realization with a classical
ancilla represented by A € [s]. Compare with the general case in Fig. 1, and notice that in this case
the postprocessing v and the ancilla \ are classical.

We find in Thm. 6.8:

Theorem. Let us consider a quantum superchannel W between multimeters that admits
a realization (s, \,0) with a classical ancilla. Then U is trash-and-prepare if and only
there exists a possibly different realization (s, A,v) such that all the conditional probability
distributions in v = {V|qzy}azyr are independent of a. If s = 1 (there is not even a
classical ancilla), we can take v = D.
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Our result can be intuitively illustrated: a transformation ¥ (that admits a realization
with a classical ancilla) is trash-and-prepare if and only if there exists a realization as in
Fig. 2 such that the classical wire a between M and v can be cut without changing the
map. If this is the case the outcome a of the multimeter M can be simply discarded and
the postprocessing v is not affected by a. Thus, in the end a fixed multimeter is applied
irrespective of the input multimeter M. We note that our result is constructive so that it
also gives the recipe for the (possibly different) postprocessing v.

Finally, we introduce in our article our definition of what it means to simulate a
multimeter by another one. To this end, we consider multimeters of trivial measurements
which do not depend on the input quantum states, i.e., where My, = p,,1 for some
probability distributions p.,. We want to call a simulation a transformation that cannot
map trivial multimeters to non-trivial ones. Our reasoning is that trivial multimeters
discard the quantum state without measuring it. Hence if a transformation maps trivial
to non-trivial multimeters, it means that at least one additional device that extracts
information from the quantum state is needed. This argument is similar to the idea
behind compatibility-preserving simulations, but the property of the multimeters we seek
to preserve is much more basic.

Definition (Simulation of multimeters). A simulation of multimeters is a transformation
between multimeters, i.e., a quantum superchannel between multimeters, that is triviality-
preserving in the sense that whenever the input multimeter consists of only trivial POV Ms,
then the multimeter simulated by W corresponds to a multimeter that only consists of trivial
POVMs as well.

In the case where the transformation ¥ has an ancilla-free realization (i.e., s = 1), we
can characterize the transformations that are simulations of multimeters in the sense of
this new definition. The following result can be found as part of Thm. 6.3:

Theorem. Let us consider a quantum superchannel ¥ between multimeters that admits
an ancilla-free realization (]\, v). Then VU is triviality-preserving if and only if ¥ admits
a possibly different ancilla-free realization (A,v) such that Ay, = 7y ®uy for all x,y for
some conditional probability distribution = = (m.,)y and a family of quantum channels

{@m’y}z7y.

Figure 3: A multi-instrument A that factorises and induces a triviality-preserving multimeter transfor-
mation .

Our result is intuitively illustrated in Fig. 3: a tranformation ¥ (that admits an ancilla-
free realization) is triviality-preserving if and only if there exists a realization (A, ) such
that the preprocessing part A factorizes as in Fig. 3 into just probabilistically applying
some set of channels instead of some general instruments.

In conclusion, we have introduced the triviality-preserving transformations between
multimeters as the most general reasonable definition of quantum simulation and fully
characterized such simulations in the ancilla-free case. This article is therefore the starting
point for the further exploration of such simulations of multimeters, especially when we
allow a quantum ancilla.
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3 Fundamental quantum devices

Quantum theory is an operational theory meaning that it can be described by its primitives
which are physical devices: state preparators, measurement devices and transformations.
Together they can be used to conduct physical experiments giving information about the
systems described by the theory. We will start by recalling the mathematical description
of these primitives in quantum theory. See [14, 15] for a more detailed introduction to the
formalism.

3.1 States, measurements, transformations

Let d € N and let us denote [d] := {1,...,d}. We denote the set of complex dxd matrices by
M(C)4 and its subset of self-adjoint (Hermitian) matrices by M(C)5*. The states &(C?)
of a d-dimensional quantum system are represented by the set of positive-semidefinite
matrices in M (C)3* with trace one, i.e.,

S(C) := {oe M(O)F : 020, Tr[o] = 1}. (1)

The elements in &(C?) are also called density matrices.

A transformation between two quantum systems with density matrices &(C?) and
GS(C™), respectively, is described by a (quantum) channel ® which is taken to be a com-
pletely positive (CP) and trace-preserving (TP) linear map ® : M(C)y — M(C),, meaning
that ® ® idy : M(C)q ® M(C)y — M(C),, ® M(C)y is positive for all d € N (CP) and
that Tr[®(X)] = Tr[X] for all X € M(C)y (TP). The set of quantum channels be-
tween systems &(C?) and &(C") is denoted by €(C? C"). A completely positive map
v M(C)y — M(C), that is not trace-preserving but only trace-nonincreasing (TNI),
ie. Tr[¥(X)] < Tr[X] for all X € M(C)y, is called a (quantum) operation and is inter-
preted as a probabilistic transformation where the transformation probability of a state
0 € &(CY) is given by Tr[¥(o)].

Measurements on a d-dimensional quantum system can be described by using effect
operators, i.e., positive elements in M(C)¥* bounded above by the identity matrix 14 so
that the set of effects €(CY) is then

ECH :={Ee MC)F : 0< E<1g4}. (2)

A measurement (or a meter) with k& € N outcomes (where we assume that k£ < oo for
simplicity) now corresponds to a positive operator-valued measure (POVM) M : j — M;
from [k] to the set of effects &(C?) such that Z?:l M; = 1,4. The set of k-outcome POVMs
on G(C%) is denoted by M(k,C%) and the set of all POVMs (with finite outcomes) on
G&(CY) is denoted by 9(C?). The probability that an outcome j € [k] is obtained in a
measurement of a POVM M € M(k,C%) on a quantum system in state o € &(C?) is given
by the Born rule as Tr[M;o].

If we consider several measurements, usually not all of them can be measured at the
same time, for example, if the effects consist of projections which do not commute. If
simultaneous measurement is possible, the measurements are called compatible or jointly
measurable (see [2] and [3] for reviews on joint measurability).

Definition 3.1. Let {E.;}ye[q) © M(k,C%) form a collection of POVMs. These POVM:s
are compatible or jointly measurable if there is some A € N and a POVM M € M(A,C?)
such that

A
Ea|z = 2 pa\m,/\M)\
A=1
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p o M | — A

Figure 4: Pictorial representation of quantum devices. From left to right: a quantum state (preparator),
a quantum channel, a measurement, and an instrument. Diagrams are to be read from left to right.
Quantum systems are depicted by solid lines, while classical systems are represented by dotted lines.

for all z € [g], a € [k] and some conditional probability distribution p := (p.|z x)ze[g],re[A]
on [k].

The interpretation behind compatibility as performing a joint measurement comes from
the concept of postprocessing:

Definition 3.2. A POVM N e 9(l,C%) is said to be a postprocessing of a POVM
M € M(k,C) if there exists a conditional probability distribution u := () aelr) on (1]
such that Ny = Z§=1 tojaMa for all b e [l]. In this case we denote that N = o M.

The interpretation of postprocessing is that if we measure M and obtain an outcome a
then fu), describes the probability of assigning an outcome b instead. Thus, postprocess-
ing describes a classical manipulation of measurement outcomes including merging and
splitting different outcomes. Hence, for compatible POVMs {E. |, }c[q) = M(k, CY) we can
always find a joint POVM M e (A, C?%) for some A € N from which every POVM E,
can be postprocessed with the conditional probability distributions pl@) = (p.m A)AeA SO
that E,, = (p\®) o M), for all z € [¢] and a € [k].

A measurement device which does not only produce a classical measurement out-
come (as measurements described by POVMs do) but also includes the description of
the transformation of the measured state is described by a (quantum) instrument. A k-
outcome quantum instrument between &(C%) and &(C") is an operation-valued measure
A :j+— Aj from [k] to the set of quantum operations between &(C¢) and &(C") such
that ®A := Z;?:l A; is a quantum channel in €(C% C"). If the system is initially in a
state o € &(C?), then the (unnormalized) conditional postmeasurement state is A;(p),
where j is the outcome obtained in the measurement of the induced POVM M" defined
as Tr[MJAQ] = Tr[A;(0)] for all o € &(C%). Thus, M]A = A7 (1), where A7 is the dual
map of A;. The set of instruments from &(C?%) to &(C") with k outcomes is denoted by
J(k,C% CM).

3.2  Quantum devices as channels

All of the previously discussed quantum devices have some number of classical and quan-
tum inputs and outputs: a state preparator is a device with no inputs and one quantum
output, a channel is a device with one quantum input and output, the measurement of a
POVM corresponds to a device with quantum input and a classical output and an instru-
ment takes a quantum input and produces both a quantum and a classical output. These
are depicted in Fig. 4.

For our purposes it is convenient to consider all of them as channels where the addi-
tional knowledge that some of the inputs or outputs are classical gives us more constraints
on the specific structure of the channel. In order to keep the mathematical treatment sim-
ilar for all of the devices, we consider the classical systems to be embedded in a quantum
system in the usual way: if [k] is the classical set of indices, then the classical input/output
j € [k] can be described by |j)j| € &(C¥), where now {]j>}§=1 is some orthonormal basis
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in C*. By possibility of probabilistic mixing, the set of classical states must be convex and
thus the most general description of a classical state § € &(CF) is § = g, := Z?:l q; 15 X4]
for some probability distribution ¢ := (qj)g‘?:1 on [k].

When we apply this to the previously introduced devices which have classical outputs,
namely POVMs and instruments, we have the following correspondence: we identify a
POVM M e M(k,C%) with its related quantum-classical (g-c) channel ®5; € €(C4, CF)

defined as i

Z M;o] 5] (3)

for all ¢ € &(C?), and similarly an instrument A € J(k,C? C") with the related block-
diagonal channel ¥, € ¢(C? C*") defined as

k
Z 7X31 ® Aj(e) (4)

for all o € G(C?), where in both cases the classical information can be read by measuring
the classical part of the system in the fixed basis {] j>}§:1

3.2.1 Multimeters as quantum channels

Previously we have described the most fundamental physical devices in quantum theory.
However, in the setting of physical experiments we sometimes also want to describe sce-
narios where we are using different collections of these devices. In this case we can include
into the standard description of some collection of devices an additional classical input
which can be used to determine which device from the collection is to be used. In partic-
ular, we are interested in measurement devices described by a collection of POVMs such
that by providing the device with a classical input, the device determines which POVM
from the collection is measured in each round of the experiment. We call these devices
multimeters. Formally, a multimeter is just a collection M = {M.;}_; < IM(k, C%) of ¢
POVMs each with k£ outcomes on a d-dimensional quantum system.

Similarly as before we want to embed this additional classical system as well as the
output, which is a classical measurement outcome, in the corresponding quantum systems.
Thus, as we represented a measurement described by a POVM as a quantum-classical
channel, now we wish to consider this kind of multimeter as a channel which quantum and
classical input and classical output (a (qc)-c¢ channel).

Motivated by this, we make the following definition:

Definition 3.3. For a set of POVMs M = {M|Z < Mk, C%) for some g,k € N we
define the related multimeter channel ®,; € €(C%, (Ck) by setting

g k
= 0 > Te[(Myy ® [iXil) ()] 15 (5)

i=1j=1
for all o € G(C%).

Then @70 ® |iXi]) = 35—y Tr[Mjy0] 17X] = ®ar,, (o) for all i € [g] and ¢ € G(C),
which means that the measurements corresponding to ®,; are uniquely defined. Moreover,
a mixture of the POVMs {M,‘l-}le can be measured by providing the multimeter channel
with an input of the form o ® g, = 0 ® (23{_; pi[iXi|]) for some probability distribution
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p = (pi)?_y on [g] so that Dar(0® 0p) = Xy Tr [0, piM0] 15Xi| = Py, poar,; (o) for
all p € &(C%). We denote the set of multimeter channels with g € N POVMs each with
k € N outcomes on a quantum system of dimension d € N by MM(g, k,d) < €(C%,CF).
If we would like to consider measurements with different numbers of outcomes, we can
just choose k to be the highest number of outcomes and pad the measurements with less
outcomes with zero effects. We note that from now on we will use the term multimeter to
reference both a collection of POVMs and their related multimeter channels.

More useful, additional properties of quantum channels and instruments (such as the
Choi—Jamiotkowski isomorphism and the Stinesping dilation) can be found in Appendix

A.

4  Transformations between multimeters

4.1 Quantum superchannels

Let us briefly summarize the notion of a (quantum) superchannel (for more details see
e.g. [16, 17, 18]). By a quantum superchannel we mean a CP map that maps quan-
tum channels to quantum channels. More specifically, a quantum superchannel between
channels in ¢(C? C") and channels in ¢(C%,C") is a CP map ¥ : M(C),q — M(C)pa
such that ¥ (J(C™)) = J (C™). Then by the Choi-Jamiotkowski isomorphism quan-
tum superchannels ¥ : M(C),,q = M(C), o are in one-to-one correspondence between
CP maps ¥ that map linear maps from M(C)y to M(C),, to linear maps from M (C)g to
M(C), such that ¥(¢(C4 C")) < ¢(C¥,C™). It is known that any such map ¥ corre-
sponding to a quantum superchannel ¥ can be realized as \i/(fb) = Vpost 0 (P ®ids) 0 Vppe
for all channels ® € ¢(C% C") for some preprocessing channel ¥, € €(C%,C%) and a
postprocessing channel W,,,s € Q((C”S,(C”/) for some ancillary system C° for some s € N.
Furthermore, the Choi matrices of quantum superchannels are also called 2-combs and for
a superchannel ¥ with prep- and postprocessing channels ¥, and ¥, it can be shown
that Jy = Ju,.., * Ju,,. and Jyq) = Ju * Jo = Ju,,., * Jo * Jy,,, for all & e g(ce, cn,
where * denotes the link product of Choi matrices.

Next we will take a closer look on the structure of superchannels that map multimeters
to multimeters.

4.2 Channels between multimeters

In this section we want to characterize all possible transformations between multimeters.
Since we can represent multimeters as a particular type of quantum channels as in Def.
3.3, we are in particular interested in transformations between quantum channels that
describe multimeters. As was explained at the beginning of this section, these type of
transformations are represented by quantum superchannels. We will now proceed to give
an elementary realization results for these superchannels on multimeters. A comparison
to previous realization results is considered in Remark 4.2.

We recall that the set of multimeters (as defined in Def. 3.3) with ¢ € N POVMs
each with k£ € N outcomes on a quantum system of dimension d € N is denoted by
MM(g, k,d) < €(C%,CF). Thus, we want to look at transformations between MM (g, k, d)
and MM(r,l,n) for some fixed d,n, g,r, k,l € N. Such transformations are represented by
CP maps ¥ which map linear maps from M(C) g4y to M(C)y, to linear maps from M(C),,,
to M(C); such that W(MM(g,k,d)) € MM(r,l,n). Let us denote the Choi matrices
of multimeters in MM(g, k,d) by J(MM(g,k,d)). Because of the Choi-Jamiotkowski
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isomorphism, such maps ¥ correspond to CP maps ¥ : M(C)ragg — M(C)py such that
V(T (MM(g,k,d))) < T(MM(r,l,n)), where the correspondence is given by

(@) = gy U(Ja) = Ty (6)

for all @ : M(C)gqg — M(C)y, where Jg is the Choi matrix of map ® and & is the inverse
map defined by a Choi matrix J (see Appendix A, Egs. (29) and (30)).

Now we can show the following realization theorem (the proof can be found in Appendix
B):

Theorem 4.1. Let ¥ : M(C)pqg — M(C)pprr be a CP map such that ¥(J (MM(g, k,d))) <
T (MM(r,l,n)). Then U has a realization (C5, A, B), i.e., there exist an ancillary system
C* for some s € N, CP maps Ay - M(C)gs — M(C)y such that Ay := >, 1Ay, is a
unital CP (UCP) map for all y € [r], and a set of POVMs B = {B.|4 2.y }ac[k] ze[g]velr] <
M(l,C*) such that

U J =J , 7
( qD{M'lz}ze[g]> CD{ZE 1Z5=147), <Ma\w®B\amy>} @)

ye(lr]

where {Zg;l 25:1 A;‘y(Mam ® B,|a7x7y)} . c M(1,C") is a set of POVMs for all
yelr
{M\m}xe[g] < m(ka (Cd)

If now ¥ : M(C)pgg — M(C)jpy is a CP map characterized by the previous theorem,

then translating back to the CP map ¥ given by Eq. (6) which maps linear maps from
M(C)g44 to M(C);, to linear maps from M(C),, to M(C); we have that for o € M(C),,,

ye[r]

@<q> o )(a):f; (o) =& (o)
{ '\w}ze[g] \I,<Jq){1\1 } ) ¢{2g212521Ajly(Ma‘z@)B“a’z,y)}
e S zelg)

= TI'(C’M" (]ll®0T> J(I)

{Zz 12‘1 1 9”\ (]Maz®3'|a’z’y)}y6[r]]

I r g k T
= TI‘(Cm" ]ll ® U ( Z Z |b><b| ® (Z Z x|y a|z ® Bb|a,:}c,y)>
b=1y=1 rz=1a=1

@\M)]
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for all {M.|,} e < M(k, CY).
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From the Schrodinger picture we get a clear recipe of how to measure the transformed
k .
POVMs {N,|y = Y0 SR AR (M, ® B.|a7x7y)}ye[r] given by ¥

Bb\a z,y Trea [(Ma|x ® ]lS)Ax\y(Q)]]

g k g k

[Nb\yQ [Z Z m|y a|x®Bb|a,x,y)Q] = Z Z Tr[(Makv®Bb|a,x,y)Ax\y(9)]
=1a=1 rz=1a=1

g k

for all p € S(C™) for all b e [I] and y € [r].

The interpretation is then as follows: given a state p € &(C") if we want to measure
the transformed POVM N, given by the label y, we first apply the quantum instrument
Ay € 3(g,C™,C%) (which is defined by the quantum operations Ay,
an outcome z and the conditional postmeasurement state A, (o) of the system Cl®Cs.

) from which we obtain

Given z, we now measure the POVM M., on the system C% and obtain an outcome a while
simultaneously leaving the system C° untouched (by just applying the identity channel
on that part of the system). Now finally given the classical inputs and outputs y, x,a we
measure the system C° with a POVM B, and obtain the final outcome b which we
report as the outcome of the transformed measurement N.,; see Fig. 5 for a graphical
depiction of this procedure.

(M)} = A

Figure 5: A multimeter M is transformed using instruments A |, and a postprocessing B.|, ;. ,- Quantum
systems are depicted by solid lines, while classical systems are represented by dotted wires. Note the
quantum ancilla wire connecting the multi-instrument A and the multimeter B.

Remark 4.2. Let us comment on how Thm. 4.1 compares to previous results about su-
permaps from [16, 19]. One can start from the general setting of quantum supermaps
(transforming quantum channels into quantum channels) and impose that some of the
quantum systems appearing as inputs and/or oulputs are classical. Following [16], this
would yield a realization as in Fig. 6. Note that the formulation in Thm. 4.1 and Fig. 5
can be mapped into this off-the-shelf form, by encapsulating all the classical systems de-
noted by the letters y,x into the quantum ancilla between the pre- and post-processing
operations A and B. Our precise formulation in Thm. /.1 has the benefit of keeping sep-
arate the classical and the quantum ancillae; this will be useful later when considering
simulations that do not use a quantum ancilla. Very recently, after the appearance of this
work, in [20] the authors generalized this formulation to any finite number of classical and
quantum inputs and outputs.

The next example shows that the realization given by Thm. 4.1 is in general not unique.

Example 4.3. Let us consider a transformation ¥ : M(C)rqg — M(C)y, (here r =
1) which maps any input multimeter M = {M;}serq) © Mk, C?) as U(Jp,,) = Joy
where N € M(I,C") is a fized trivial POVM defined by some probability distribution p
on [l] as Ny = ppl for all b € [l]. Let us define a conditional probability distibution
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(M) = g |- Fofoe

Figure 6: A general simulation of a multimeter M using the supermap formalism from [16, 19]. The sim-
ulation is performed by a quantum pre-processing operation &, followed by a quantum post-processing
operation JF that is also connected to £ by a quantum ancilla system. Compare to Fig. 5, where the
classical ancillae are explicit.

V = (Voz)aelk],zelg] @5 Vblax = Po for all b € [l], a € [k] and x € [g]. It is clear that
(C, A, v) is a realization of U for any A € 3(g,C", C%): Indeed, we have

g

k g k 9
Z Z Vb\a,xA;k:(MaJ;r) = Z Z pbA:(Ma|x) =D Z A;(]l) =ppl = Ny
a=1 rx=1a=1 r=1

r=1

Jor all b € [I] and all multimeters M = {M.;},eq < M(k,C?). We note that in the
case of s = 1 the realization given by Thm. 4.1 indeed is of the form of the LHS in the
previous equation since in that case it is evident that any POVM A € M(1,C?) is actually
just a probability distribution A = (Ap)L_, on [I], so that in particular the set of POVMs
B = {B.q,2}ae[k] ze[g] = M, C*) are just conditional probability distributions on [I] which
we labeled by v. Since we can choose any instrument A, this shows that the realization of
the map U is not unique.

5 Previously considered simulation schemes

One of the main motiviations behind this work is that there are several versions of simula-
tion of measurements in the literature, but they are in general incomparable. Our aim is
therefore to find the most general notion of simulability of multimeters that encompasses
all the existing definitions. Our starting point is that a simulation of any kind of devices
(in our case multimeters) is a process that takes some existing device and transforms it to
some other device. Thus, we will consider a simulation to be a (specific type of) transfor-
mation between multimeters which were characterized in Thm. 4.1. Before we move on to
considering more general simulations let us first review the previously considered notions
of simulations of measurements.

5.1 Realizations with a classical ancilla

In what follows we will see that although the existing definitions of simulability are dif-
ferent in their nature they do share one common property as transformations between
multimeters: none of them actually utilize the quantum ancilla in the realization scheme
in Thm. 4.1 (see Fig. 5). If this is the case we call the realization of the transformation
a realization with a classical ancilla so that classical information is still allowed to be
utilized. We note that this only addresses a particular realization of the supermap.
Thus, as we want to allow for a classical ancilla but not a quantum ancilla, what we
want to consider a realization with a classical ancilla is a map as in Fig. 5 but where the
solid wire for quantum ancilla is replaced by a classical dotted wire. Formally we can do
it as follows: In Thm. 4.1 for the realization (C*, A, B) of a map ¥ : M(C)gqy — M(C)pyr
that transforms multimeters into multimeters we now take s to represent the size of the
classical ancilla system such that the classical ancilla is embedded in the quantum system
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of dimension s. Thus, we assume that only classical information is carried and measured on
this ancilla. In particular, this means that the multimeter B = {B.|q 3.4 }ae[k],ve[g],ye[r]
M(l,C?) can only be a classical measurement so that it must be just a postprocessing of
a measurement that distinguishes the s different classical (pure) states. Hence, if we fix
an orthonormal basis {|\)}3_; of C® correspoding to the s different classical pure states,
then we have that B. ., = X 3_1 Vjazyr [AXA| for all a € [k], x € [g] and y € [r] for
some conditional probability distribution v = (V.42 1) ae[k],ze[g]ve[r]3e[s] O1 [[]. Here, v
then represents the postprocessing of the basis measurement related to the basis {|A)}3_;
which tranforms it into the multimeter B. If we plug in this form of B in the realization
(C*, A, B) given by Thm. 4.1 we get that the transformed multimeter takes the form

S

g k g k
Z Z oly(Maja ® Blagy) = Zl Z D Viawy Ny (Mae ® [AXA])

for all y € [r] and M = {M ,},e[q) © M(k,C?). We can now consider another set of
instruments which we also label by A by defining A = {A. |, }yef) = I(g-5,C", C?), where
we have set A:";/\‘y(A) = m‘y(A® IAXA]) for all z € [g], y € [r], X € [s] and A € &(C?).
Now we get that the transformed multimeter takes the form

g k s
- Z Z Z V.a,z,y,) :E)\|y(Ma|w> - m(la(cn) (8)
z=1a=1)\=1

for all y € [r] and M = {M |, },e[q) © IM(k,C?). Based on this we make the following
definition:

Definition 5.1. A map ¥ : M(C)rqg — M(C)jpy that transforms multimeters into mul-
timeters has a realization with a classical ancilla if there exists s € N, a set of instru-
ments A = {A._ .y }yer] < I(g- 5,C",C%) and a conditional probability distribution v =
(Va9 aclk],ze[g]welr] e[s] O [1] such that the transformed multimeters corresponding to
the Choi matriz U (Jg,,) take the form of Eq. (8) for all M = {M.;}serq) < M(k,CY). We

denote this realization by (s, A,v) or simply (A,v) in the special case when s = 1.

The transformation process goes as follows: Given a state p € §(C") and a label y for
the resulting measurement, we measure the state with an instrument A. |, € J(g-s,C", CY),
obtain outcomes x € [g] and A € [s]. After the measurement we also get a conditional
output state A, y|,(0), which we then measure by using the POVM M.}, and obtain an
outcome a € [k]. Lastly, given the input y and outcomes = and A\, we postprocess the
obtained outcome a to an outcome b with probability v, ., and report this as the
final outcome of the measurement corresponding to label y. Hence, we may identify the
instruments A as the preprocessing part of the transformation and similarly the conditional
probabilities v as the postprocessing part. We note that here the role of the classical ancilla
is just to relay the classical side-information A given by the preprocessing A and which
affects the postprocessing v. See Fig. 7 for an illustration of this process.

Note that there are multimeter transformations which do require a quantum ancilla,
as it is demonstrated in the following example.

Example 5.2. In this ezample, we shall present a POVM transformation that requires a
quantum ancilla. To this end, consider a transformation M — N, which takes a POVM
M e M(k,C) to a POVM N € M(I,C"), that is given by

vbe ] : Z

Bb|a7
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Figure 7: The simulation of multimeter N by the multimeter M admits a realization with a classical
ancilla. Compare with the general case in Fig. 5, and notice that in this case the postprocessing v and
the ancilla A are classical.

where {B-|a}ae[k] < M(L,C") is a collection of incompatible POVMs; see Fig. 8 for a
graphical representation of this transformation.

Lg/d M [

A

Figure 8: A POVM transformation that requires a quantum ancilla. The quantum system is passed as
an input to an incompatible multimeter B that is controlled by the measurement outcome of the input
POVM M when presented with a maximally mixed state.

To show that this transformation requires a quantum ancilla, let us assume one can
realize it only using a classical ancilla (see Fig. 9) as in Eq. (8):

k

k s
Vbe [l : Z Bb|a = Z Z AX(Ma)vpja,z-

a=1

For all a € [k] consider now the trivial POVMs M® € 9(k,C%) with effect 14 for the
outcome a and effect 0 for all the other outcomes a’ # a. We have:

Va e [k]vb € [l] : Bb|a = Z Ai(nd)ybhz,)\‘
A=1

This implies that the POV Ms on the LHS of the equation above are postprocessings of the
POVM A*(14) € M(s,C™) showing that they are compatible, which is a contradiction.

Figure 9: An (impossible) realization of the POVM transformation from Fig. 8 using only a classical
ancilla \.

Later we will also consider an example showing that in some cases although a quantum
ancilla may not be needed still a classical ancilla is required for the realization (see Example
6.12).
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5.2 Pre- and postprocessings

In the simplest cases we can consider separately transformations where we either just
preprocess or just postprocess. These lead to generic type of transformations that can be
considered as simulations in the literature. We will consider the simplest cases without
even a classical ancilla (s = 1).

5.2.1 Quantum preprocessings

As a first simple example which could be considered a simulation is the case when we
have a realization (A,v) without even a classical ancilla for the quantum supermap ¥ :
M(C)kdg — M(C)pp such that [ = k, 7 = g, Vg 0,y = la=p for all a,b € [k] and x,y € [g],
and A7, = 1,—,Q* for some fixed channel © € ¢(C™,C%). In this case the transformed
POVMs take the form

g k
Z Zwax,y 5y (M) = QF(M,y,) € M(k, C") )

for all y € [g] all sets of POVMs M = {M.;},e[q] © IM(k,C?). Thus, in this simulation
scheme, given an input y, the measurement M, is chosen and it is mapped to a POVM
Q*(M.|y). In the Schrodinger picture the recipe for doing this is just mapping the state
0 € &(C") which we wish to measure by the channel  resulting in a state Q(p) € &(C?)
and then just perform the measurement M., on this transformed system.

A preprocessing scheme with slightly more structure can be obtained when we choose
L=k, Vhjazy = La=b, and A7 = Q7 forall a,be [k], z € [g] and y € [r] for some fixed
set of instruments = {Q.,},ef,) < I(g,C", C%). In this case the transformed POVMs
take the form

s}

g k
Zl Zl Vlawy ;‘y a\ﬂﬂ Z x\y M|95 € M(k, C") (10)

for all y € [r] for all sets of POVMs M = {M.;} e[y © 9M(k,C%). Thus, in this simulation
scheme, a measurement with a label y is obtained first by measuring the input state
0 € &(C") by the instrument 1|, obtaining an outcome x and bringing the system into a
conditional output state {2, (0), which is then measured by the POVM M., from which
an outcome a is obtained and then reported as the final outcome of the transformed
measurement with a label y. Something similar to this type of preprocessing is considered
further in Sec. 5.4. Both types of preprocessing simulations discussed above are represented
pictorially in Fig. 10.

7777777 N - B I M -

Figure 10: Preprocessing a multimeter M by a quantum device 2. In the top panel, the device does
not depend on the choice of measurement y, while in the bottom panel, it can.
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Figure 11: Classical pre- and post- processing of a multimeter M. Both devices used in the simulation
(p and v) are classical.

5.2.2 Classical preprocessings and postprocessings

Another simple special case of a realization (A, r) without even a classical ancilla is when
we do not consider the preprocessing to be quantum at all, i.e., we set n = d and Ax‘y
Palyidg for some conditional probability distribution p = (p,‘y)yem on [g]. While we
examine the most general case of this later in Sec. 5.3, in the special case when v.q ,, =

Viaay for all a € [k], z,2" € [g] and y € [r], we see that the transformed POVMs are of

the form
g k k 9
Z Z V.a,z,y m|y a|x Z V. a,y (Z px|yMa|x> € m(lv(cn) (11)
r=1a=1 a=1 x=1
for all y € [r]. Thus, in this simulation scheme, a measurement with a label y is obtained
first by measuring the input state o € &(C") with the POVM M. ,,, where x is first obtained
by the conditional probability distribution p.|,, after which an outcome a is obtained from
the measurement and then it is postprocessed to an outcome b with probability v, , and
then reported as the final outcome of the transformed measurement with a label y; this
type of simulation is depicted in Fig. 11. As an important special case we can now obtain
mixtures of the POVMs { M|, },¢[4) by setting [ = k and vy, = 14— for all a,b € [k] and
y € [r]. Then, the resulting POVM is indeed of the form 37_; py, M., for all y € [r].
On the other hand, if we do not assume that v is independent of x, and choose instead
that p,), = 1 for some z = =z, € [g], then the resulting POVM takes the following form

k

g k
Z Z “l T,y I‘y ‘ ) = Z V'lavxy’yMa‘xy (12)
r=1a=1

a=1
for all y € [r]. Thus, the simulated POVMs are simply just classical postprocessings of
the original measurements.
5.3 Classical simulation

From the more specific notions of simulations, let us start by reviewing a classical notion
of simulation, purely in terms of classical mixing and postprocessing of measurements
(see e.g. [6, 7, 8]). Essentially this is obtained by combining the two different classical
simulations from Sec. 5.2.2.

77;77;7 M 1%

Figure 12: Classical simulation of multimeters.
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Definition 5.3. Let N = {Ny}ye[,] © MU, C%) be a multimeter of r POVMs each with |
outcomes on a d-dimensional Hilbert space. We say that N can be classically simulated (or
is classically simulable) with a multimeter M = {M.|,}e[q) < IN(F, C%) of g POVMs with
k outcomes (on the same Hilbert space) if there exist conditional probability distributions

T = (ﬂ',‘y)ye[ﬂ on [g] and v := (V~|a,x,y)ae[k],xe[g],ye[r] on [l] such that

g k
Noy = D Taly O VblawyMala (13)
=1 a=1

forallbe [l] and y € [r].

The operational interpretation of classical simulability is the following: We are con-
ducting a physical experiment with a d-level quantum system where we can perform mea-
surements with a multimeter M with g measurement settings. Given an input y which
corresponds to the label of the new measurement setting, with probability m,, we choose
the measurement setting x and use the measurement M., to measure the system. After
obtaining an outcome a from the measurement of M., instead of registering it we assign
an outcome b with probability v/, 5. Then, the resulting r measurements (after multiple
rounds of the experiment) are described by the multimeter N in Eq. (13); see Fig. 12 for
a graphical representation of this simulation scheme.

We see that classical simulation is a special case of a realization (A, r) with a classical
ancilla for the quantum supermap ¥ : M(C)rgg — M(C)jpr. Namely, in Eq. (8) if we
choose s = 1, n = d and take A}, = m,,idg for all z € [g] and y € [r] for some conditional
probability distribution 7 = (7., )ye[r] on [g], then

g k g k
Z Z ’/-|a,y,:pA;k;|y(Ma|x) = Z Tly Z V-|a,a:,yMa\x (14)
z=1a=1 =1 a=1

for all y € [r] for all M = {M.;},e[q) © M(k, C?). Thus, the classical simulation map is a
particular instance of quantum superchannels between multimeters that admit a realiza-
tion without even a classical ancilla. In particular, the realization only consists of classical
pre- and postprocessing and both the original and the simulated multimeter act on the
same-size quantum system.

The classical simulation scheme describes the construction of new measurements from
existing ones by means of classical manipulations of the inputs and outputs of the mea-
surement devices. Naturally, this is also linked to joint measurability since in the case of
only one simulator, i.e., when g = 1, the multimeter M consists of only one POVM and
the conditional probability distributions m = (7., )ye[) are all trivial so that each POVM
in N can be postprocessed from the single POVM in M.

Furthermore, instead of just creating new multimeters from existing ones, one can also
ask when a fixed multimeter can be simulated by some other multimeter with some desired
properties. For example, one can ask when a multimeter can be simulated by a multimeter
with a lesser number of measurements, or by a multimeter whose measurements have less
number of outcomes, or by multimeters whose measurements are projective. Such topics
have been explored in [6, 7, 8, 9].

5.4 Compressibility

We continue by reviewing the results of the recent work [10] (see also [12, 21]), which we
refer to as compressibility to distinguish the different notions of simulation of measure-
ments.
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Figure 13: Compressibility of measurements. The quantum (solid) wires have dimensions indicated in
blue.

Definition 5.4. Let N := {N }se(g] © (K, C") be a multimeter of ¢ POVMs with
k outomes on an n-dimensional Hilbert space. We say that N is d-compressible if there
em’sts a finite C € N, a quantum instrument ® € J(C,C",C%) and another multimeter

= {M.j3.c}aelg],ce[c] © M(F, C% of ¢’ - C POVMs with k outcomes on a d-dimensional
Hzlbert space, such that

2 (1) a|mc (15)

for all a € [k] and x € [¢'].

Here the recipe of simulation is as follows: a measurement with a label x is obtained
first by measuring the input state o € &(C") by the instrument ®, obtaining an outcome
¢ and transforming the system into a conditional output state ®.(g) which is now a (un-
normalized) state of a d-dimensional system. This state is then measured by the POVM
M, . from which an outcome a is obtained and then reported as the final outcome of
the transformed measurement with a label x. We depict this simulation scheme in Fig.
13. The terminology for compressibility comes from the case when d < n so that one can
simulate the measurements by performing some other measurements on a smaller quan-
tum system. Note that [10] allows for non-finite C', which we exclude to avoid technical
difficulties.

Similarly to classical simulability, in our framework we get compressibility as a spe-
cial case of a realization (A,r) with a classical ancilla for the quantum Supermap v
M(C)rag — M(C)jpr. Namely, in Eq. (8) we may choose s =1, g = ¢ -C, 1 =k

and r = ¢, and set Vg cp = la=p for all a,b € [k] and 2,2’ € [¢'], ¢ € [C] and
;,7c|x = 1,_,® for all x,2’ € [¢'] and ¢ € [C] for some instrument ® € J(C,C", C?) so
that
g C k c
Z 2 Z V.a,x c,x :17’ c|x(Ma\x/,c) = 2 (I):(M\x,c> (16)
/=1 c=1a=1 c=1

for all z € [¢] and for all multimeters M = { M., c}ae(q],ce[c] © DK, C%). Thus, also com-
pressibility is indeed a particular instance of a quantum superchannel between multimeters
with a realization with a classical ancilla.

It is easy to see that POVMs are 1-compressible if and only if they are compatible,
because in this case the M, . are just conditional probabilities and the effects E.
®*(1) e M(C)32 form a joint POVM E for the multimeter N. In addition to generalizing
compatibility, compressibility (also called high-dimensional simulability) is shown to be
equivalent to high-dimensional steering [11].

5.5 Compatibility-preserving simulations

In the previous cases one could see both simulations as generalizations of compatibility
of multimeters so that compatibility emerges only as a special instant of the simulation.
In the work [13], however, the authors discuss a class of superchannels ¥ that preserve
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the property of compatibility of multimeters. Their motivation for introducing such su-
perchannels is to use them to build a resource theory of quantum incompatibility where
such maps would act as free operations between the objects of the resource theory. In our
setting, we can rephrase their definition of “programmable measurement device (PMD)
processing” as follows:

Definition 5.5. Let N := {N,,},e(r] € MM(I,C") be a multimeter of r POVMs with | out-
omes on an n-dimensional Hilbert space. We say that N can be compatibility-preservingly
simulated by a multimeter M = { M.\, }ze[q) = M(F, C?%) of g POVMs with k outcomes on a
d-dimensional Hilbert space if there exists K, L € N, a probability distribution p on [K], a
set of quantum instruments I' := {T'. . }ue(x) < I(L, C", C%) and conditional probability dis-
tributions T 1= (7T~\y,k,n)yE[T],)\e[L],ne[K] on [9] and v := (V~|a,x,y,)\,n)aE[k],:BE[g],yE[r],)\e[L],ne[K]
on [l] such that

K g k L
Nb|y = Z Z Z Z p/@’/b\a,:p,y,/\,/-cﬂx\y,)\,xrj\ﬁ(Ma|x) (17)

r=1lzx=1a=1 =1
for allbe [l] and y € [r].

The interpretation is as follows: given an input state o € G(C™) and a classical input y
for the label of the new measurement, we choose an instrument I'.|,; according to probability
px and measure the input state with it. The measurement leads to an outcome A and the
state is transformed to a conditional output state Iy, «(0). Now, given y, k and A we choose
label = of the simulator POVM with probability m,, ), and measure the (conditional)
state 'y, (0) with the POVM M.|,.. After the measurement we obtain an outcome a which
we finally postprocess (by taking also into account the classical information z,y, A, k)
into an outcome b with probability 4|44 4.x,~ and report it as the final outcome of the
new measurement y. We depict this process in Fig. 14. The motivation behind the
term “compatibility-preserving simulation” comes from the fact that if the multimeter
M is compatible then the resulting multimeter N in Eq. (17) is compatible as well [13].
However, it is currently an open question whether all transformations between multimeters
that preserve the compatibility of the multimeters are of this form.

Figure 14: A compatibility-preserving transformation of a multimeter M; compare with (17).

Again we can show that the above simulation scheme can be presented as a special
case of a realization with a classical ancilla of a the quantum supermap ¥ : M(C)gqp, —
M(C)yy,,- that takes multimeters to multimeters. We first note that in Fig. 14 there are two
classical ancillas connecting the preprocessing side and the postprocessing side. Hence, in
Eq. (8) we set s = K - L. Then we simply choose AS sl = PrTalyasl'y), for all e [g],
y € [r], A € [L] and k € [K] for some probability distribution p on [K], some set of
quantum instruments I' := {T'|,.}.e[x] < J(L,C",C% and some conditional probability

distribution 7 := (7.1 \ x)ye[r] re[L]we[K] O [9]- The transformed POVMs then take the
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form

K L g k K L g k
*
20 20 20 2 aann Moty Mate) = 23 25 D4 D Pt laarnTalyanl S (Maje)

k=1 A=1z=1a=1 k=1 A=1z=1a=1
(18)

for all y € [r]. Thus, also compatibility-preserving simulation is a particular instance of a
quantum superchannel between multimeters that has a realization with a classical ancilla.

6 A new notion of simulation of multimeters

6.1 Not all transformations are simulations

A simulation of multimeters is a process that takes an existing multimeter and transforms
it to another multimeter. However, not all possible transformations can be considered to
capture the essence of what would be considered a simulation. For example, one could
state that in order for a transformation between multimeters to be truly considered a
simulation, the simulation process should minimally involve using at least some parts of
the original multimeter. Or by considering simulation as a resource theory, one could argue
that not all transformations between multimeters can be considered as free operations since
otherwise one could turn any object into another object freely so that there wouldn’t be
any resources to begin with. To see which types of transformations should be left out of
simulations, we start by presenting the following example:

Example 6.1. Let us revisit Example 4.3 and consider a process where we take the original
multimeter, discard it and replace it with some other fized multimeter. More precisely, such
transformations are superchannels ¥ : M(C)rgg — M(C)py between multimeters such
that U(Jo,,) = Jo, for some fited N = {N.j,}ye[r] © M, C") for all input multimeters
M = {M |3} el M(k,C?). In particular, even a trivial multimeter, i.e., a multimeter
that consists of trivial POVMs M = {M.y},e[q], where My, = pgel for all a € [k]
for some conditional probability distribution p = (p.|3)ze[g] 07 [k], is mapped to the fived
multimeter N.

The two main points that we can infer from the previous examples are the following:
First, since any multimeter M is mapped to a fixed multimeter IV, the simulation process
corresponding to the previous map is not using any part of the simulator multimeter to
perform the simulation. Second, if N includes a nontrivial POVM, then trivial multimeters
can simulate nontrivial ones. This suggests that it’s the simulation process, rather than
the multimeter we aim to use, that extracts information from the quantum state. If we
put ourselves in the position of an experimenter who has a multimeter at her disposal
and would like to know what other measurements she can perform without having to
change her experiment completely, these two things are not desirable in our opinion: If
the experimenter wants the simulation process to engage at least part of the simulating
device, rather than disregarding it, then transformations that map any multimeter to a
fixed multimeter should be avoided. Furthermore, because trivial multimeters discard the
quantum state without measuring it, if a transformation converts trivial multimeters into
nontrivial ones, it indicates that an additional device is needed to extract information
from the quantum state.

Hence, for a transformation between multimeters ¥ : M(C)gqg — M(C)p, we list the
following properties. We say that W is
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1. trash-and-prepare if for all multimeters M we have that ¥(Jg,,) = Jo, for some
fixed multimeter N,

2. triviality-preserving if whenever M consists of only trivial POVMs, then ¥ (Jg,,)
corresponds to a multimeter that consists of trivial POVMs.

An important thing to notice is that actually imposing that a map is triviality-
preserving rules out most trash-and-prepare maps: Namely, if the map is triviality-
preserving and trash-and-prepare, then the fixed multimeter N to which it maps every
multimeter M must be a trivial multimeter. Thus, the only triviality-preserving trash-
and-prepare maps are maps that take any multimeter to a fixed trivial multimeter. We
note that operationally these type of maps may be considered simulations since trivial
multimeters can be considered as free objects since they are defined only by the classical
conditional probability distributions which can be thought of as an experimenter choos-
ing to discard the quantum system and outputting a random number instead. This is
something the experimenter can always do without having to change the measurement
setup, i.e., the multimeter, even though it is a very poor use of the original simulator.
Following this observation, we define what we consider in this article to be a simulation
of multimeters:

Definition 6.2 (Simulation of multimeters). A simulation of multimeters is a transfor-
mation between multimeters, i.e., a quantum superchannel between multimeters, that is
triviality-preserving.

We note that, in general, the decision of which transformations to exclude depends
on the intended application, allowing for the consideration of various different simulation
schemes. However, in this work we focus on the scenario that we already describe earlier
where an experimenter has a fixed multimeter to extract information from a quantum
system and she is considering how other possible measurements could be implemented by
using her device. Naturally, also in our set-up one can argue that maybe some other types
of maps should be excluded from the above definition of simulability (such as maps that
are not compatibility-preserving as in [13]). However, in this work we will focus on the
above definition, which is a minimal definition for us, leaving us with a maximal set of
simulation maps and present examples falling into this category of maps. Furthermore,
next we will focus only on maps that admit a realization with a classical ancilla (or in the
case when they are completely ancilla-free) since, as shown in the previous section, all the
previously defined notions of simulations are of this type as well and we want to explore
how these previous notions fall into our framework of simulation. We leave the treatment
of the maps with a quantum ancilla for future work.

6.2 Triviality-preserving maps

Motivated by our minimal definition of simulability of multimeters (Def. 6.2) we will next
explore the structure of the realizations of a triviality-preserving map. In particular, in
the case when a multimeter transformation admits an ancilla-free realization, i.e. s = 1,
we can show the following characterization result for the map preserving triviality.

Theorem 6.3. Let V : M(C)pqg — M(C)pr be a quantum superchannel between multi-
meters that admits an ancilla-free realization (neither quantum nor classical ancilla). The
following assertions are equivalent:

1. The transformation V is triviality-preserving.
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2. W admits an ancilla-free realization (A, v) with the property that the multi-instrument
A is partially normalized on the quantum system (see also Fig. 15): there exists a
conditional probability distribution m = (m.|,)ye[] on [g] such that

A;\y(]l) = ﬂ-m\y]l

for all x € [g] and y € [r].

Figure 15: A multi-instrument A that is partially normalized on the quantum system (continuous line).

3. W admits an ancilla-free realization (A, v) with the property that the multi-instrument
A factorizes as follows (see also Fig. 16): there exists a conditional probability distri-
bution ™ = (T.1y)yerr] o0 [g] and a family of g-r quantum channels { @, }e[g],ye[r] ©
¢(C™, C?%) such that

Agly = Tapy®

for all x € [g] and y € [r].

Figure 16: A multi-instrument A that factorises and induces a triviality-preserving multimeter transfor-
mation V.

Proof. We start by showing (3) = (1). Consider ¥ having an ancilla-free realization
(A,v) such that A, oly®Pey so that also A7~ = 7y, @7, for all x € [g] and y €
[r] for some set of quantum channels {®; y},e[g],ye[r] < ¢(C",C%) and some conditional
probability distribution m = (7.}, ) e[, on [g]. Let M = {M.;} 115 < M(k,C?) be a trivial
multimeter, i.e., there exists some conditional probability distribution p = (p.|;)ze[g] OR
[k] such that M, = pg,1 for all a € [k] and z € [g]. We now have for all b € [I] and
y € [r] that

= T

g k g k

®
Z 2 b|amy x|y a|m Z Z Vb\a,r,yﬂx|ypa|r(bx,y(]l)
z=1a=1 rz=1a=1
(i

where the last equality follows from unitality of the channels {®} | },e[4] ye[r]- Since clearly
q = (q|y)ye[r] is @ set of conditional probability distributions on [[], it follows that W is
triviality-preserving.

Vb|a,x,y7rxypax> 1= Qb|y]l7

Let us now prove (2) = (3). Define for all x € [g] and y € [r]:

771,1‘ Ax|y if Taly #0
T .
(I)Q if 7rz|y = 0,
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where @ is some fixed quantum channel (which does not play any role). Since A is a
multi-instrument, the maps ®, , defined above are completely positive, and

Va,y (I);,y(]l) =1,

proving that they are indeed quantum channels; this concludes the proof of (2) = (3).

We show now the last implication, (1) = (2). Let ¥ transform multimeters as in
Eq. (8), with s = 1 (no classical ancilla A). In order for this to be triviality-preserving for
any trivial multimeter M = {M‘w}ye = {P. |21} ze[g) = (K, C%) it should result in some
other trivial multimeter NM = {N }ye {q_p‘y]l}ye[r] < M(1,C™) so that

g k
M
qi)\y]l = Nb|y = Z Z Vb\axy x\y 2 Zlyb|a,:v,ypa\acA;\y(]l) (19)

rz=1a=1

for all b € [I] and y € [r]. Our goal is to show that, for a possibly different realization
(A, D) of ¥, A*|y( ) ~ 1 for all z,y.

Note that we can reason individually for every setting y € [r] of the resulting multime-
ter, hence we shall omit the variable y in the rest of this proof, for the sake of simplicity.
Moreover, we only need to check the previous equation for extremal trivial multimeter.
Those multimeters are parametrized by functions « : [g] — [k] by

pg?x) = 1a:a(m) Vo e [g],
where 1 is the indicator function. The condition above reads in this case:

g

elll: . U LAL) = ¢V 1. (20)

=1
We shall partition the set [g] in two subsets, depending on the behavior of the con-
ditional probabilities v appearing in the given realization (A,v) of U: [g] = X 1 X_
with
Xy ={relg] : Ibe(l], ar,a2 € [k] s.t. Vya, o # Vbjas,e}

X_:={xeg] : Vbe [l], the function a > v, , is constant}.

We shall now show that for all x € X, Ay(1) ~ 1. To this end, fix 29 € X, and
bo € [1], a1, a2 € [k] such that vy |q, 20 # Vglag,ze- Choose a function oy : [g] — [k] such
that a1(z9) = a1 and define ay : [g] — [k] by

(2) a1 (x) if © # xg
as(z) =
’ a2 if x = xo.

With these choices of aj 2, taking the difference of Eq. (20), we obtain

(l/bo|a1,xo - Vbo‘az,:to)‘/\:’o (]1) = (qlgoal) - qlg()aQ))]l’
which allows us to conclude that A} (1) ~ 1, as claimed.
Let us now consider the case of indices x € X_. Since for such indices we cannot
conclude as before, we shall construct another representation (A, v) of ¥, with the property
that A%(1) ~ 1 for all z € [g]. We define, for all matrix Z,

A*( ) if(L’EX;g

%
Ni(2) = {m;()}]l ifreX_.
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Since {A}},e[q) Were a family of completely positive maps summing up to a unital CP
map, the same holds for {]\;’;}xe[g]. We need to show that (A, ) is indeed a representation
of the map V. For a given multimeter M = {M.;}.e[q) © M (k, C?), the transformed
multimeters take the form

g k k
Z_: Z_: b|aa: a\a:): Z Zyb|a,:vA a\:v Z Z Vb\az g: a|:c)

reX, a=1 zeX_ a=1 "

_Vb\z
= Z Z Vb|az a\m + Z Vbl Z A a|z
:):EX;ga 1 reX—
*
= Z Zyb|am a\m) Z Vb|mAx(]]')
rzeXy a=1 reX =

Hence, in order to conclude, we need to show that for all b € [I],

2 l/b|IA;(]l) = Z Vb|:r:A;(]1)

reX— reX—

To this end, note that Eq. (20) implies that, for all functions o and b € [I], we have that

g
QIEa)]l = Z Vb|a(:c),zA;(]l) = 2 Vb|a(a:),a:7rx]l + Z Vb\a:A;(]l)'

z=1 reX 4 reX=

In particular, we obtain that

> wpAI) =g 1 (21)
reX—
for all b € [I] for some non-negative scalar qéz), independent of . Taking the trace of this
expression yields
Tr{Az (1)}
Sy, (D)

reX = d

Plugging this value back into Eq. (21) we obtain

S i) = Y vy Wy S, R,

reX— reX— reX—

which was our goal. O

What our result thus shows is that a tranformation ¥ between multimeters that admits
an ancilla-free realization (A,v) is triviality-preserving if and only if there is a (possibly
different) ancilla-free realization (1~\, v) where the preprocessing part A factorizes into just
probabilistically applying some set of channels instead of some general instruments. This is
exactly what is demonstrated in Fig. 16. This reflects our original motivation of considering
triviality preserving simulations in the first place: Indeed, in the case of no ancilla, the
only way a transformation between multimeters can be triviality-preserving is when the
preprocessing part does not extract information from the quantum state but rather just
probabilistically transforms the state. It is worth noting that our proof is constructive so
that given the original realization (A, v) the proof can be used to find the other realization
(A, v) that satisfies the conditions (2) and (3).
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We also note that even in the case when the original realization has a classical ancilla,
the conditions (2) and (3) (with added classical index A as an outcome of the preprocessing
A) imply that the map is triviality-preserving (this is essentially just the same calculation
as in the first part of the proof). However, the precise necessary condition for the map
being triviality-preserving in the case of classical ancilla is still an open question.

We can now straight-forwardly apply Thm. 6.3 to the classical simulability map, the
compressibility map and the compatibility-preserving map.

Corollary 6.4 (Classical simulation). The classical simulation map defined in Eq. (13)
s always triviality-preserving.

Proof. The explicit realization (A,v) that we give in Sec. 5.3 is defined by setting n = d
and Ay, = Ty, idy for all z € [g] and y € [r], where idg is the identity map on C4. Clearly
it is of the form given in the condition (2) of Thm. 6.3. O

Corollary 6.5 (Compressibility). The compression map defined in Eq. (15) is triviality-
preserving if and only if the compressing instrument ® € J(C,C",C%) is of the form
O, = 1. Qe for all ¢ € C for some probability distribution © on [C] and some set of
channels {Qc}e[c] = €(CT, C9).

Proof. As explained in Sec. 5.4, the compressibility map given by Eq. (15) admits an
ancilla-free realization (A,v), where g =¢'-C,l =k and r = ¢/, Vala o ve.e = La=ar for all
a,a’ € [k] and z,2" € [¢'], ¢ € [C] and A% o = Lo—p ®F for all z, 2’ € [¢'] and c € [C] for
some instrument ® € J(C,C", CY%). By applying the latter part of the proof of Thm. 6.3
in this case, we see that since for all x,2’ € [g] and ¢ € [C] there exists a,d’,a” € [k] such
that Vojo/ 2 co # Vala?,a? e,z We have that (2',c) € X, for all 2’ € [g] and ¢ € [C] so that
we actually can take A = A in the proof. This means that we can apply the necessary and
sufficient condition (3) (or (2)) directly to the current realization (A, v).
Thus, by Thm. 6.3 the compressibility map is triviality-preserving if and only if
Lo @ = A% 0 = T oS0

! clz /e,

for all ¢ € [C] and x, 2" € [g] for some conditional probability distribution 7 = (7. |z)ze[g]
on [g] x [C] and some set of channels {Q$/767$}C€[C]’x7x/€[g] c &(C", CY). Tt follows that

‘I): = Z 77rat:’,c|:pg~2ac/,c,z (22)
wl

and furthermore that ®7 (1) = >, 7y (1 for all ¢ € [C] and = € [g]. Let us define a
probability distribution 7 on [C] by setting 7. := >}, 7 (|, for all ¢ € [C] which we note
that is now independent of = € [g]. We note that 7. # 0 if and only if ®}(1) # 0 if and
only if ®F # 0. We can now define a set of CP maps {Q}.c[c] by setting Q% = &% /7, for
all 7. # 0 and Q¥ = Q for all 7. = 0 for some fixed channel g € ¢(C",C%. From Eq.
(22) it follows that the maps are actually unital so that {Qc}.e[c] © €(C*,C%). The claim
follows. O

Corollary 6.6 (Compatibility-preserving). The compatibility-preserving map defined in
Eq. (17) is triviality-preserving if the preprocessing instruments I' = {I".|; }.e(x] € (L, C", C%)
are of the form Ty, = 1o ®xx for all A € [L] and k € [K] for some conditional probability
distribution p = (1) we[r] on [L] and some set of channels {®) x}re[r],we[x] = €(C", c9).

Proof. The claim follows from a straightforward calculation as in the beginning of the
proof of Thm. 6.3. O
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Since the realization of the compatibility-preserving map utilizes a classical ancilla,
Thm. 6.3 cannot be applied to see whether this condition is also a necessary one for the
map to be triviality-preserving. We leave the necessary condition as an open question.

Finally, let us give a further example of an explicit map that is not triviality-preserving.

Example 6.7. Let us fixr =1 and g =k =1 =d =n = 2 so that the map transforms
two dichotomic qubit POVMs, say M.y and M1, to a single dichotomic qubit POVM, say
N. Let the map M — N be defined as

[OMloy 0
N"‘[ 0 <1|Mb1\1>}

for allb e {0,1} for the computational basis {0, |1)} of C2. This map admits a realization
(A, v) with vyq 5 = 1p=a and

M) = a502) = |70 1

0 0
_ A® _
AI(Z) - Al(Z) [0 <1‘Z‘1>} :
Note that neither of these maps satisfy AX(1) ~ 1 and the map ¥ is not triviality-
preserving, since if we take M = {M.o, M1} = {p.ol,p.n1l} for some probability dis-
tributions with Pojo =P Pro=1—p, pop =¢ P1p=1—¢q for some q,p € [0,1], we see
that M is mapped to a POVM N such that

_lp 0 |I=p 0
NO_[O q}’ Nl_[o 1—Q]
which is not trivial in general.

6.3 Trash-and-prepare maps

Since triviality-preserving maps are mostly not trash-and-prepare (they are trash-and-
prepare only in the case when a fixed trivial multimeter is prepared), in order to determine
when a transformation is a simulation, i.e., triviality-preserving, it might be easier to first
check that the map is not trash-and-prepare.

To start ruling out the trash-and-prepare maps from the general quantum super-
channels between multimeters we make a simple observation. Let a superchannel ¥ :
M(C)gag — M(C)pyr admit a realization (C°, A,v) as in Thm. 4.1. Let us assume that
the POVMs in B = {B.q0y}a.c[k]zelgyelr] © M, C%) are independent of the output
a € [k] of the input multimeters M, i.e., B.gay = By ay =t Bjgy for all a,a’ € [k],
x € [g] and y € [r]. Now we see that the resulting POVMs are given by

g k g k g
Z Z A;\y(Ma\z®B.|a7ac,y) = Z Z A;k;|y(Ma|m ®B\x,y) = Z A;|y(]ld®B|x,y) € m(l, (Cn)
rz=1a=1 rz=1a=1 r=1

for all y € [r]. Thus, in this case we see that the process of transforming the multimeter
M is just to ignore M and prepare the resulting multimeter irrespective of M. This means
that it is trash-and-prepare.

The above result is intuitive: in Fig. 5 for the multimeter B being independent of the
outcome a corresponds to having no classical wire connecting the input multimeter M
and the fixed multimeter B. If this is the case the outcome a of the multimeter M can be
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simply discarded and the multimeter B is applied to the ancilla not affected by a at all.
Thus, in the end a fixed multimeter is applied irrespective of the input multimeter M.

We see that the above sufficient condition for a map being trash-and-prepare works
even in the case of a quantum ancilla. However, in the case of a classical ancilla, it turns
out that the trash-and-prepare maps are exactly of this type:

Theorem 6.8. Let U : M(C)rgg — M(C)jpr be a quantum superchannel that admits a
realization (s, \,v) with a classical ancilla. Then V¥ is a trash-and-prepare map if and
only if it admits a (possibly different) realization (s, A,v) with a classical ancilla such
that all the conditional probability distributions v = {V_‘a7x7y7)\}ae[k]yxe[g]’ye[r],m[s] on [l] are
independent of a € [k]. Furthermore, if s =1, then we can take v = .

Proof. The sufficiency of the condition follows from the more general observation made
before the statement of the theorem.

On the other hand, if a quantum superchannel ¥ with a realization (s, A,7) with a
classical ancilla transforms a set of POVMs in M(k,C%) as in Eq. (8), then in order for
this to be of the trash-and-prepare type, it should result in some fixed set of POVMs
N = {Ny}yer] © M(1,C") so that

g k s
Nb|y = Z Z Z I;b|a,x,y,)\A:7A|y(Ma|I) (23)
r=1la=1\=1
for all b € [I] and y € [r] for all sets of POVMs M = {M,,}.e[q] < M(k,C%). As this
should hold for all M, if we take M to consist of trivial POVMs, i.e. M, = pg|,1q for
all a € [k] and x € [g] for some conditional probability distribution p = (p.|;)ze[q) o1 [K] ,
then it follows that

g s k
Nb\y = [Z Z ( pa|zﬁba,x,y,/\> A;,My] (]ld) (24)
1

z=1A=1 \a=
for all b e [I] and y € [r]. Now if we fix (a1,...,a,) € [k]Y and set p,, |, = 1 for all z € [g],

we see that
g s
Nypy = (Z > Db|&xu$7y,>\A;,)\y> (La) (25)

z=1\=1
for all b € [I] and y € [r]. Since he choice of (ai,...,aq) € [k]9 was arbitrary, we have

that Nb|y = (Zgzl Zi:l ﬁb\a,r,y,)\A;,My) (]ld) = (Zgzl Zi:l ﬂb\a’,x,y,)\A;,My) (]ld) for all
a,a’ € [k], be [l] and y € [r].

Let us again fix (a1,...,ay) € [k]Y and furthermore let us fix also 2" € [g] and a!, € [k]
such that a}, # a, and define POVMs M = {M.|, } e[y < M(F, C?) by setting Ma;/m/ =B

and M, ,,» = 14— B for some fixed effect B € ¢(C?) and My, = 1q for all z # 2.
Inserting these POVMs in Eq. (23), we see that

g k s
~ *
Nb|y = Z Vb\a,m,y,)\Agg7)\\y(Ma\:c)

= Z ﬂb|az,x,y,/\A;>\\y<]ld) + b a;,,ac’,y,)\A;Q)\\y(B) + b\aw/,x’,y,)\A;Q)\\y(ﬂd - B)

1 1

NIRRT P
D= T

I
e
D= ¥

blas.zyr oy (La) + 17b|a;,,x',y,AA;k:',,\|y(B) = D Dbjay 2ty My (B)

z=1A=1 A=l A=l
S S
- # ~ *
= Nojy + | 25 bty d 3 xly = 2 Polagyar i sy | (B)
=1 A=1

Accepted in { Yuantum 2025-01-06, click title to verify. Published under CC-BY 4.0. 27



for all b € [I] and y € [r]. Since 2’,a,,al, were chosen arbitrarily and since the set of
effects spans M(C)4, we must have that

S S

~ * ~ *
2 Pty A zy = D Phjaaya Ny (26)
A=1 A=1

for all a,a’ € [k], be [l], z € [¢g] and y € [r]. Let us now define another set of conditional
probability distributions v = {v.jq 2. ) }ae[k],we[g].yel[r]ae[s] OD [[] by setting

k

1 -
Yolawy A *= L Z Vbla! 2y,
a’'=1

for all a € [k], b e [l], x € [g], y € [r] and X € [s]. By definition v is now independent
of the outcome a € [k], and we can show that (s,A,r) is also a realization of ¥ with a
classical ancilla: Let us denote 2 g, := D0\ ﬂb‘a@,y’)\A;’My for all b € [l], a € [k], x € [g]
and y € [r], which by Eq. (26) is indeed independent of the outcome a € [k]. On the other
hand, also

1 k s S 1 k N "
Qb,z\y = 7 Z 2 ax,y7/\ x ,\|y Z (k Z ”bla,x,y)\) Ax,A\y
a=1 =1

A=1 a=1

g k s g k s
25 24 2 laar ANy Maje) = 24 24 ety Maje) = 23 24 2, Paae iy (Mo
r=1a=1 =1 r=1a=1)\=1

for all b € [I], y € [r] and for all M = {M.;},e[q] < IM(k,C?). Hence, (s, A,v) is also a
realization of ¥ and this completes the proof. In the case when s = 1 we see that Eq. (26)
already implies that 7 is independent of the outcome a € [k] and we can choose v = . [

We can now again apply our result to the previously introduced simulation schemes.

Corollary 6.9 (Classical simulation). The classical simulation map defined in Eq. (13) is
trash-and-prepare if and only if the postprocessing v = {V. 4.2y} ae[k]e[g],yelr] S ndepen-
dent of the outcome a € [k]. In this case the prepared multimeter is always trivial.

Proof. The first part of the statement follows from the case s = 1 of the previous theorem.
Now, if v = {V-|a,m,y}ae[k],we[g],ye[r] =: {V\x,y}me[g],ye[r] is independent of the outcome a €
[k], then the prepared multimeter is of the form

g k g
Z 2 M) = Z TolyVlzyl =t ¢yl € M1, C%)
r=1 a=1

=1
for all y € [r] and all multimeters M = {M.|, },e[q) < IN(F, c9). O

Corollary 6.10 (Compressibility). The compression map defined in Eq. (15) is never
trash-and-prepare.
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Proof. This follows from the case s = 1 of the previous theorem when noting that the
realization given in Sec. 5.4 involves a postprocessing v that is not independent of the
outcome a € [k]. O

Corollary 6.11 (Compatibility-preserving). The compatibility-preserving map defined in
Eq. (17) with a realization (L - K,p-7-T,0) (as given in Sec. 5.5) is trash-and-prepare if
and only if (L-K,p-m-T,v), where

k
1 -
Vb|a,x,y,)\,n = E 2 Vb|a’,m,y,)\,n Va € [ki],l‘ € [g]ay € [T]’)‘ € [L],K, € [K]’
a'=1

is also a realization.

Proof. This is just making the construction of v obtained in the proof of Thm. 6.8 explicit
and rephrasing the original statement accordingly. O

Another curious application of Thm. 6.8 is to show that in the absence of a quantum
ancilla, there are maps that still require a classical ancilla in their realization.

Example 6.12. Consider the case of a trash-and-prepare map ¥ transforming POVMs
(g =1) to POVMs (r = 1), preparing a non-trivial POVM N. We shall prove that such
a map ¥V cannot admit a realization without a quantum or a classical ancilla. If this were
the case, so that ¥ would have a realization (A,v) with s = 1. Then, Thm. 6.8 would
imply that v = {V.|q}ee[r] 5 independent of a € [k] so that

k
Nb = Z Vb|aMa = Vb\a]ln

a=1

for allbe [l], a € [k] and all POVMs M. This contradicts the fact that N is non-trivial.
Of course, such a trash-and-prepare map can be realised with a classical ancilla of size
s =1, simply by defining
A.(p) = Tr[pN;]o Vz e [l]

and all input states p, for some fized quantum state o and vy, ., = 1p=, (see Fig. 17).

[TH— o [0
N VI _ OO DRSS S

A v

Figure 17: A trash-and-prepare POVM transformation that requires a classical ancilla.

6.4 Comparing different simulations

We will finish our investigation by considering the inclusions of the set of the previously
considered maps.
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=

Figure 18: The inclusions of the sets of the investigated maps.

Proposition 6.13. Let us denote by T := T(MM(g,k,d), MM(r,l,n)) the set of trans-
formations ¥ : Mgrq — My, between multimeters, and let us consider the following sets
of maps:

Tip = {¥ € T: VU is triviality-preserving},

Ttap = {¥ € T: VU is trash-and-prepare},

Tttap = {V € Tyap : U prepares a fized trivial multimeter},
Tes :={V e T:V is a classical simulation, }
T :={Ve%:V is a compression},

Tep = {V € T: ¥ is compatibility-preserving}.
Then the inclusions presented in Fig. 18 hold.

Proof. Let us start with the sets T4, and Ty,. The fact that Tyep = Tiep N Ty is clear:
As already stated before, if a map is triviality-preserving and trash-and-prepare, then the
prepared fixed multimeter must be trivial. On the other hand, any trash-and-prepare map
that prepares fixed trivial multimeters is triviality-preserving.

Let us now consider the set of classical simulations ¥.; and see how they relate to
Tiap and Ty,. The inclusion Ty < %y, follows from Cor. 6.4 and by Cor. 6.9 we have
that Tes N Tiap © Titap. However, since maps in €., cannot change the dimension of the
quantum system, we cannot have the equality Tyqp = Tes N Tiqp in general. But, on the
other hand, if we have a map ¥ : Mgrg — My, ¥ € Tyygp, such that n = d, and which
prepares some fixed trivial multimeter N = {q., 1},¢[,) = M(I, C9), then by defining the
postprocessing v = {V~|,a,x,y}ae[k],xe[g],ye[r] for the classical simulation as vy, 4, = )y for
all b e [l], a e [k], x € [g] and y € [r], it follows that

g k g
Z Taly 2 ViaeyMale = Z TolyQ |yl = ¢yl
r=1 a=1 r=1

for all y € [r] and all multimeters M = {M.|, },e[q = M (F, C9), so that in this case ¥ € T,.

Let’s now move on to the set T.. The fact that T. n T s # J follows by considering a
compression map with a compressing instrument ® € J(C, C?, C?) of the form &, = m.idy
for all ¢ € [C]. The "compressed” transformed multimeter is then of the form Y} p.M., .
for all 2 € [g] which is clearly just a mixture of the multimeter M which is a special case
of a classical simulation. We note that there are also compressions that are triviality-
preserving which are not classical simulations so that (T, N T;))\Tes # J: take now the
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compressing instrument as ®. = m.$g for all ¢ € [C] for some probability distrubution
7 on [C] and some fixed channel ®; € €(C", C%) for n # d. By Cor. 6.5 the resulting
compression map is then triviality-preserving but it is clearly not a classical simulation.
Furthermore, there are also classical simulations that are not compressions (any classical
simulation which non-trivially postprocesses the outcomes of the input multimeter to some
different number of outcomes, i.e., I # k) so that also T s\T. # &. From Cor. 6.5 one
can see that there clearly are compression maps that are not triviality-preserving so that
T\Typ # . Finally, by Cor. 6.10 we have that T, N Ty = .

Lastly, let us focus on the compatibility-preserving maps %.,. First, clearly any
classical simulation can be obtained from a compatibility preserving map (Eq. (17))
by simply choosing n = d, L = K = 1, and by fixing the channel I' € ¢(C% C%) as
I' = id4. This shows that T.s < T.,. Also, any compression with a compressing instru-
ment ® € J(C,C", C?) can be obtained from the compatibility-preserving map by setting
g = g/ C,K=1,L=C,l=k,r= 9/7 and Vala' @\ e = lo—w, T o |z,e = 1p—wle—y
and I'. = @, for all a,d’ € [k], 2,2’ € [g] and ¢, € [C]. Indeed, the resulting multimeter
looks as follows:

C

g C k C
Z Z Z Z a|a’,z’,c’,x,c7rx’,c’|x,crz(Ma’|z’,c’) = Z (I):(Makp,c)

=1 c=1

for all a € [k] and z € [g]. This show that T, < T,. Furthermore, to see that also Ty, <
Tep, we note that for any trivial multimeter N = {q.,}ye[r) © M(I, C") we can choose a
compatibility-preserving map with K =1, L = g, 7y = L=y and vyq 00 = Q) fOr
all b € [l], a € [k], x,2' € [g] and y € [r] so that then the resulting multimeter takes the
form

Z Z Vbla,z,y,2' Tx|y, z’r a|3: = Qoly Z F Qb\y]l = Nb|y
a=1zx,2'=1
for all b € [I] and y € [r]. Thus, Tiaep < Tep.

To see that (Tep N Tip) \ (Tes U Te U Thap) # J, we can take a compatibility-preserving
map with L = K =1 (so that the map will automatically be triviality-preserving by Cor.
6.6) and choose n # d (so that the map cannot be a classical simulation), [ # k (so that
the map cannot be a compression), and the postprocessing v to depend on the outcome
a € [k] (so that by Cor. (6.11) it is not a trash-and-prepare map). On the other hand, to
see that (Tep N Tiap) \Ttp # J we refer to Example 6.14 below.

To finish the proof we still need to show that Tap,\ (Typ U Tep) # F, Tup\ (Tep U Tap) #
& and Tep\ (Typ U Tpap U Te) # . The first claim follows from the fact that there are
trash-and-prepare maps that prepare incompatibile (and thus non-trivial) multimeters
so that these maps cannot be triviality-preserving nor compatibility-preserving. For the
second claim refer to Example 6.15 below. The last claim follows from Example 6.16
below. O

Example 6.14 (Compatibility-preserving trash-and-prepare but not triviality-preserv-
ing). Let us consider a trash-and-prepare map ¥ : M(C)pqg — M(C)pyy for which any in-
put multimeter M = {M. |3} e[q) < M(K, C?) is mapped to a fized multimeter {N.y}yep] <
M(1,C"), where N, = N for all y,y" € [r] for some nontrivial POVM E := N, €
M(L,C"™). It is then clear that the multimeter N is compatible since it only consists of
copies of the same POVM. Now W is not triviality-preserving since also trivial multime-
ters are mapped to N which is nontrivial. On the other hand ¥ is compatibility-preserving:
in Eq. (17) we can choose K =1, L =, Vyjq 4y = Ly=p and define T € J(1,C", CY) by
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setting Ty(0) = Tr[Eyolo for all o € &(C") for some fired state o € &(C%). By plug-
ging these into Eq. (17) it is straightforward to see that indeed the transformed multimeter
results in the multimeter N which consists only copies of the POVM E.

Example 6.15 (Triviality-preserving but not compatibility-preserving nor trash-and-pre-
pare). Let us consider a map ¥ : M(C)pqg — M(C)p, in the special case of s = g = 1
and d = n = k =1 = r = 2 which admits an ancilla-free realization (A,v), where
in Eq. (8) we choose vy, = lp=q for all a,b,y € {0,1} and we define the channels
(A AW} = ¢(C2,C?) as AW (p) = HYoHY for all o € &(C?) fory € {0,1}, where H is
the Hadamard gate. The transformed POVMs take the following form:

1 *
> by (A@)) (M) = HYM,HY c (2, C2) (27)
a=0

for all b,y € {0,1}. Now it is clear that the map is triviality-preserving since HH = I5.
On the other hand, if we set M, = |aXa| for all a € {0,1} for the computational basis
{|0), |1)} < C2, then although the input multimeter M is compatible (since it consists of
only one POVM), the resulting two transformed POVMs given by the previous equation
are incompatible. Thus, ¥ is not compatibility-preserving.

Example 6.16 (Compatibility-preserving but not trash-and-prepare nor triviality-pre-
serving nor a compression). Let us take a compatibility-preserving map and let us set
K =1 and g=r =1 (transforming POVMs to POVMs) so that the transformed POVM
N given by Eq. (17) takes the form

L k
ij\/l = Z Z Vc|a,)\r>)k\(Ma) (28)
A=1la=1

for allb e [l]. We can see that we can make such a compatibility-preserving map not trash-
and-prepare by choosing the postprocessing v suitably (i.e. such that the condition in Cor.
6.11 does not hold) nor a compression by choosing v and I' such that the above equation
will not lead to a channel (we note that compressions between POVMs will always just be
transformations given by channels). Lastly, by choosing I suitably we can also make the
map not triviality-preserving.

To give an explicit example of such a map, let us take L =k =1=2 andn = d, and
let us take T' to be a Liiders instrument related to some dichotomic POVM G € I (2,C%),
which has effects Go = E and Gy = 1 — E for some effect E € €(C?) such that E + 1, so

that
I'a(0) = v/ Gro/ Gy

for all A € {0,1} and o € &(C?). Let us fix the postprocessing v = {1/.|a7)\}61%/\=0 by setting
vojo,1 = Yoj1,1 = 0 and vgj00 = p and vg)1 o = q for some p,q € [0,1] such that p # q. Now,
given an input POVM M € (2, C%) with effects My = F and My = 1 — F for some effect
F e €(CY), Eq. (28) takes the form for outcome b =0 (note that NM =1 — N}M)

NP .= N¥ = pWEFVE + ¢WE(1 — F)VE = qE + (p — ¢)VEFVE.
If we take F = w1 for some m € [0,1], we see that
N™ = ¢E + (p—q)7E = (pr + ¢(1 — 7))E.

Now, clearly the map M — NM s not triviality-preserving since E + 1, and it is also not
trash-and-prepare since by choosing m = 0 we get N° = qE and by choosing m = 1 we get
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N = pE, which are not the same effect since p # q. Lastly, if the map were a compression,
in Eq. (15) we would have to have also C = 1 so that N¥' = NM = ®&(My) = ®(F) for
some channel ® € €(C%, C%). In particular, by taking F = 1 we would get N* = 1 which
is a contradiction. Thus, the map cannot be a compression either.

7 Discussion and outlook

In this work, we have thoroughly examined what it means to simulate a set of mea-
surements, i.e. a multimeter, by some other measurements. To this end, we have first
characterized transformations between multimeters in terms of their realization involving
a preprocessing instrument and a multimeter defined on an ancillary system that is con-
ditioned on the classical inputs and outputs of the simulating multimeter. We have then
argued that not all such transformations should be seen as simulations because otherwise
one would be able to produce any resource related to multimeters for free. In particular,
we argue that from the perspective of an experimenter with a fixed multimeter as mea-
surement apparatus a trash-and-prepare transformation, i.e. the process of discarding a
multimeter and replacing it with a fixed multimeter, is not a valid simulation strategy
in general, and that simulations should be triviality-preserving, i.e. that no simulation
can produce nontrivial multimeters from trivial ones, resulting in our minimal definition
of simulability. We characterize these two properties of transformations in terms of their
realization in the case when the realization is ancilla-free or only utilizes a classical an-
cilla. Finally, we demonstrate our findings in the previously proposed simulation scenarios,
namely in classical simulation, compressibility, and compatibility-preserving simulations,
and compare these simulations to each other and to trash-and-prepare and triviality-
preserving transformations.

Some specific open questions arise from trying to generalize our results to the case with
a quantum ancilla. While our realization result for transformations between multimeters
is valid in the most general case, when it comes to actual simulation scenarios, our results
on triviality-preserving and trash-and-prepare maps are mostly restricted to cases when
the realization is ancilla-free or only involves a classical ancilla. This limitation is partially
intentional since all the previously proposed simulation scenarios are of this type. However,
this does leave open questions regarding the general cases. Some of the difficulties that
arise when working with the quantum ancilla results from the lack of fully understanding
the degrees of freedom in the realizations of the transformations between multimeters and
how different realizations might be connected. Answering these questions requires further
research.

Another avenue for future work comes from the fact that although our minimal def-
inition of simulability makes sure that non-triviality of multimeters can be generated in
a simulation using trivial multimeters, we are not using a resource theoretic framework.
Doing so would likely lead to different notions of simulation depending on the resource at
hand. In particular, one could argue, as the authors in [13] have argued, that also the com-
patibility of the multimeters should be preserved under simulations so that incompatibility,
a fundamental non-classical feature of quantum theory, cannot be produced freely with
simulations. An immediate open question there is to look more closely into the proposed
compatibility-preserving maps by considering them in full generality as transformations
between multimeters and show that these are exactly the type of transformations that
preserve compatibility altogether. Moreover, examining other possible resources would be
an interesting future direction.

A related but different perspective on multimeter simulation is to consider the preorder
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that it induces on the set of multimeters: one can say that a multimeter is greater than
another multimeter if the latter can be simulated by using the former one. This would cre-
ate a way to see which multimeters are more useful with respect to each specific simulation
task. Subsequently one can start examining questions from the order perspective such as
what are the maximal and minimal elements with respect to a particular simulation, what
are the simulation irreducible multimeters [8], and if there is a natural representative in
each equivalence class. We leave this perspective to future work as well.
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A Additional properties of quantum channels and instruments

One particular advantage of representing the quantum devices introduced in Section 3 as
channels is the fact that then we can treat them all similarly with the tools and repre-
sentations known for quantum channels (see e.g. [15] for more details). One particularly
useful representation of a quantum channel is given by the Choi-Jamiotkowski isomor-
phism [22] which gives us a correspondence between channels and (subset of) states of a
higher-dimensional quantum system. More specifically, a linear map ® : M(C); — M(C),,
corresponds to a matrix Jp € M(C),gq, called the Choi matriz of ®, defined as

d

Jo =) ®(li)j]) ® i)l (29)

i,j=1

for some orthonormal basis {|i)}¢ ; of CZ. It is know that ® is CP if and only if Jg is
positive semidefinite, it is TNI if and only if Tren[Jg] < 14 and it is TP if and only if
Tren[Jo] = 14. We denote the set of Choi matrices of channels in €(C¢, C") by J(C"?) :=
{Jo € M(C)pq : ® € €(C% C")} so that in particular 17(C"¥) < &(C™). Conversely, a
matrix J € M(C),q defines a linear map &y : M(C)y — M(C),, by setting

E7(X) = Tren[(1, @ XT)J] (30)

for all X € M(C)4 where the transpose is taken with respect to the same basis {|i)}¢ ; of
C9. The Choi-Jamiotkowski isomorphism states that £;, = ® for all ® : M(C)y — M(C),
and Jg, = J for all J € M(C),gq.

Another useful representation for CP maps is the Stinespring dilation [23]: for any CP
map ® : M(C); — M(C),, and for any s > rank(Jp), there exists an ancillary system C*
and a bounded operator V : C* - C"* ® C* such that

B(X) = Tres [VXV] (31)

for all X € M(C)y. Equivalently, for the dual map ®* : M(C),, —» M(C)y defined as
Tr[@*(N)D] = Tr[N®(D)] for all D € M(C)4 and N € M(C),,, this means that

d*(A) = V*(AQ1,)V (32)

for all A € M(C),. In this case, we refer to the tuple (C*,V) as a Stinespring dilation
of @ (or ®*). Furthermore, we say that a dilation (C*, V') is minimal if s = rank(Jg), or
equivalently C" @ C* = {(A® 15)Vy : Ae M(C),, ¢ e C}. It is known that a minimal
dilation always exists and that any dilation (C*',V’) of ® is related to a minimal dilation
(C*,V) by an isometry W : C* — C* such that V’ = (1, ® W)V, and that (C*, V") is
minimal if and only if W is unitary [24, Sec. 2.4]. Now for any dilation of (C*, V') of ® it
follows that ® is TNI if and only if V*V < 1,4 and it is TP, or equivalently ®* is unital
meaning that ®*(1,,) = 14, if and only if V' is an isometry, i.e., V¥V = 14.

Related to the Stinespring dilation of CP maps we will be using the following Radon-
Nikodym theorem for CP maps [25]:

Theorem A.1 ([25, Thm. II1.3]). Let N € N and let {®] };en] be a collection of CP maps
from M(C)q to M(C),, such that ®* := > ®;* is a CP map with minimal Stinespring
dilation ®*(A) = V*(A® 1)V for all A € M(C)y. Then, there is Q € M(N,C?) such
that

BH(A) = VHA®Q)V  YAe M(O)y.
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We will now show that we can drop the requirement that the Stinespring dilation is
minimal in the above theorem (see also [26]).

Corollary A.2. Let N € N and let {®] };e[n) be a collection of CP maps from M(C)q4 to
M(C),, such that ®* := > ®;* is a CP map with Stinespring dilation ®*(A) = W*(A®
1,)W for all Ae M(C)q. Then, there is Q' € M(N,C*) such that

DFA) = WHAQRQ)W  VAe M(C)g.

Proof. Let ®*(A) = V*(A® 1)V for all A€ M(C)y be a minimal Stinespring dilation of
®*. Then, by Thm. A.1, there is @ € 9(NV, C*) such that

THA) = VHA®Q)V  VAe M(C),.

As explained in [24, Sec. 2.4], s’ > s and there exists an isometry U : C* — C* such
that W = (L® U)V. Let P = UU*, which is an orthogonal projection because U is an
isometry. Then, let Q; :=UQ;U* + (1g — P)/N for all i € [N]. As Q; > 0 and

N N
D Qi=(ly —P)+ Y UQU* =1,
i=1 =1

indeed Q' € 9M(N,C*). Finally, we verify that

WHAR QYW = VFARQU*A® (UQU* + (Ly — P)/N)(1Q U)V

=V (ARQ)V
= ©7(A)
for all i € [N], as U*PU = U*UU*U = 1,. O

B Proof of Theorem 4.1

In order to characterize the completely positive maps between multimeters, we need to first
take a closer look on Choi matrices of multimeters. Let ®,; € MM(g,k,d)  €(C%,CF)
be a multimeter for some number g of k-outcome POVMs M = {M,;},e[q) < IMN(F, Cc9)
on C%. Now if take some bases {|i)}icfg of C? and {|a)}ae(q of C%, then the Choi matrix
Jo,, can be written as

oy = 23 25 B (X8l ® [0 @ laxXBl @ lixi]

g g k
> [Z 3 Te[(My, ® X)) (Ja) B8l ® iX])] IaXa|] ® [aX8| ® [iX,]

I
]

MQQ
1=

(BIMgjzla) |aXal @ |aXB] @ |z Xz]

g k d

- 21 21 jaXal® ( ; <a‘ng’ﬂ>|aX6‘> ® |z )Xz
r=1a= a,f=1
g k

= 2 2, loXal @ M, @ la)al.
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where the transpose Mg‘w of My, is taken with respect to the basis {|a)},e[q)- Thus, now
we have that

T (MM(g, k,d)) { |aXal ® Mgy, ® |zXz| = {M.|z}sefg) < m(k,Cd)} (33)

g k
g k

{Z Z ’CLXCL’ ® Ma|z ® |$><$| : {M|m}z€[g] = gﬁ(ka (Cd)} . (34)
=la=1

Now we can prove Theorem 4.1:

Theorem. Let ¥ : M(C)iqg — M(C)ppyr be a CP map such that V(T (MM(g,k,d))) <
T (MM(r,l,n)). Then ¥ has a realization (C°, A, B), i.e., there exist an ancillary system
C* for some s € N, CP maps Ay - M(C)gs — M(C), such that Ay : Zze[g] Ay, is a
unital CP (UCP) map for all y € [r], and a set of POVMs B = {B.|4 2.y }ac[k] ze[g]ve[r] <
M(l,C*) such that

v (7 — T 7 35
( {M-Iw}ze[g]> {Zglefj:lA;’;ly(Ma\g@B“a,x,y)} ( )

ye[r]
where {Zg;l 25:1 A;’;‘y(Maw ® B,|a7x7y)} . c M(I,C") is a set of POVMs for all
ye[r
{M\x}xe[g] c m(k7(cd)
Proof. Let us start by defining the following CP maps
Ve elg]: Pp: M(Clrag = M(C)pg,

P$(W) = Treg [(]lk R1L;® ]me\)W] YIW e M(C)kdg7
Vaelk]: Qq: M(C)rg — M(C)gy,

Qa(X) :=Trex[(Jaxa| ® 14)X] VX € M(C)gq,
Vye[r]: Ry : M(C)yr — M(C)yp,

Ry(Y) = Tr(CT [(]ll ® ]ln ® |y><y|)Y] VY € M(C)lnra
vbe[l]: Sp: M(C)y — M(C)y,

Sp(2) = Trei[(|oX0] @ 1) Z] vZ e M(Cin,

where now {|z)} e[y and {|a)}qe[i] are the same bases of C? and CF respectively that are
used to define J(MM(g, k,d)) and analogously {[y)},e[,] and {[b)}se[) are the same bases
of C" and C! respectively that are used to define J(MM(r,1,n)). It is straightforward to
see that

PiA) = A®|aXz| YAe M(Clra, QF(B) =laXa|®B VBe M(C)q,
Ry(C) =C@yxyl VC e M(Clim,  Sy(D) = [bXb|®@ D VD € M(C)n,

so that for all z € [g], y € [r], a € [k] and b € [I] we have

g k
Pw(JCI)M) = JCDM“I? Jq)M = Z P;(JCPMWZ)? QQ(J‘I)MA‘Z) = Mﬂx? J’PM Z

=1
T T
Ry(J<1>N) = J@N"y, Jq’N = ;R;(Jq’z\r'ly): Sb(‘]':I)N'ly) = Nb|y7 J“DN“y = bZlSI;k(th;)v

(36)
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for all M = {M.;}1e(q) © M(k,C%) and N = {N, },ef,] < M(L,C™).
Forallx € [g],y € [r],a € [k] and b € [I] WedeﬁneCPmaps U} vlay : M(C)a > M(C)y
by setting \Ilbx\a - = SyoRyoWo P} oQ} By using the properties of the above defined

maps and the fact that \If(j(/\/l/\/l(g,k,d))) < J(MM(r,l,n)) it is straightforward to
check that

g k r 1
Z Z Z Z (RZ © S;’k © \Ilzvz‘avy ©Qq0 Px) (J‘I’M) = \I](JCI’M) (37)
z=1a=1y=1b=1

for all M = { M., }se[q) < M(k,C).
Let us now focus on the properties of the maps Uy | . First, since ¥(J (MM(g, k,d)))
T (MM(r,l,n)), from the properties of the maps P, Qq, R, and S; it follows that

g k
{Z 2 ‘I’fwa,yWaTm)} < (I, C") (38)
ye(r]

for all M = {M.;},e[s) < M(k,C%). In particular, now we have that

I g k
2020 20 Vhalay(Mae) = 1n (39)

for all y € [r] for all M = {M., },e[q) = M(F, C9).

Let us now take some (ay, . . ., ag) € [k]? and define POVMs A = {4, } ey © M(k, CY)
by setting A,|, = 14, only if a = a,, and naturally due to normalization A, = 0 otherwise.
Now from the above equation we see that

I g k I g
Z Z Z bxla,y a\x Z Z bx|az,y (1g) = 1. (40)
b=1z=1a=1 b=1x=1

Hence, since (a1, ..., ay) was chosen arbitrarily, we have that Zb 129
for all a € [k] and y € [r].

On the other hand, let us now fix some effect operators B, € ¢(C?) for all = € [g].
Now if we take some (a1,...,ay),(a,...,ay) € [k]? such that a, # a}, for all z € [g] and
define POVMSs B = {B.;}4e[q) © M(k,C?) by setting By, |, = By, By |z = 1q — B, and
Bgj, = 0 otherwise, we see that

I g9 k Il g L g
- Z Z Z \I’bx|a,y CL|15 Z Z bx|<lz,y Z Z bx|a y Bg)

bz‘a y is unital

b=1x=1a=1
T

=1, + Z Z (qlz,x\az,y - qj;:;:m;,;;) (BJ:)

b=1z=1

g l l
T

=1, + Z (Z bx|aw,y B Z \I];:,xm;,y) (Bx )

z=1 \b=1 b=1

Now if we fix 2’ € [g] and take B, = B for some B € &(C%) and B, = 0 otherwise, we then
must have that (Zb:1 b laur Zb 1 bx,m > (BT) = 0 for all y € [r]. Since B can

be chosen arbitrarily and since the set of effects G(Cd) as well as their transposes, spans
M(C)4, we thus have that 22:1 \Il;)k,x’\ax/,y Zb 1 bm,|a , for all y € [r]. Finally, since
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2’ € [g] and the outcomes (a1,...,ay),(a},...,ay) € [k]Y can also be chosen arbitrarily,

= 22:1 ‘I’Z‘,W,y for all z € [g], y € [r] and a,d’ € [k]. Thus,

we may denote \I/x|y Zb ) bx‘ay
To summarize so far, we have the following properties

we conclude that Zlb 1 Z‘ﬂa y

: M(C)g > M(C),, CP Vzxelg], Vye|[r], Vace [k], Vbe[l] (41)

*
Wb71:|(1'7:'J

l l
Wk = Z U oy = O Uiy CP Vaelgl, Vyelr], Va,d € [k] (42)
b=1

Z xy, UCP Vyel[r], (43)

where UCP means that the maps are unital and CP.

Let us now take s > max, , rank(J\I,*l ) and a Stinespring dilation (C*, V) for W7, SO
that U7, (A) = V7 (A®L)Vyy for all A€ M(C)q and such that V3, Ve < 1 forall z € [9]
and y € [r]. Furthermore, since Wy = >, W7 is unital it follows that >, V5, Vo = 1g for
all y € [r]. Since \Ilm|y D Wy .o forall a e [k], x € [¢g] and y € [r], by Cor. A.2 there

exists POVMs B = {B. a0,y S ac[k],ze[g]ve[r] © M, C*) such that
\I’;)k,:da,y(A) = Vaj;; (A ® Bb|a,m,y)VﬂCy : (44)

We can now define CP maps ]\*l  M(C)gs — /\/l( )n by setting AJ»‘I (X) =V, X Vo

for all z € [g] and y € [r]. From the fact that >, Vi Vs, = 14 it follows that A* =, Ax‘y
is UCP for all y € [r]. Thus, we have shown that there exist an ancillary system Cs, CP

maps Ax|y : M((C)ds — M(C),, such that AZ = 2 relq] A;Iy is UCP for all y € [r], and a
set of POVMs B = {B. a0,y ae[k],eelglwelr] © DI, C®) such that
\Ij?;,:c|a,,y (A) = z\y(A ® Bb|a x y) (45)

for all z € [g], y € [r], a € [k] and b€ [I].
Finally, we now see that for any M = {M,;},e[q) = M(k, C%) we have that

l
(R; o Sl;k o ‘I/;ﬂmy ©Qqa 0 Px) (J<1>M) (46)

<

qj(‘]@]\l) =

e
1=

[l

8
e
i

Q
P T
i

<

3

]

o
-
]

(RZ © Sl;k) (q]z,x\a,y(MaM)) (47>
g k
O Sb (Z Z g;\y ®Bb\a m,y)) (48)

) 49
(9, Tk_, A% T @B.,a,z,y»T) (49)

a=1"zly

8
I
—
Q
I
fu
<
I
u
o
Il
—_

l
1=
MN

<

Il
_
o

I
_

Il
Nl
=y
4
R
»ak‘

I
e“tﬁ

(50)
{2 b ¥ T B, z,y>>T}ye[T]

where the outer transposition in the last line is taken in the {|3)}ge[,) basis of C". Now,
we can define a new CP map A:‘y(X) = (Azly(XT))T, where the outer transposition is
in the {|3)}se[n) basis and the inner in the {|a)[c)}ae[d},ce[s] Pasis, with {|c)}.e[s) being a
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basis of C*. Moreover, we define a new UCP map A} = Zze[g] A* ~and a new POVM

B = {B.:'fa - y}ae[k]@e[g],ye[r], where the transpose is in the {|c)}.c[, basis. Thus,

*
zly

v | Jo =Js
{M‘lz}zE[g] {25:1 22:1A:‘y(Ma\x®B~|a,x,y)}ye

= {20 S, (M) e,

[r]

k
and {Zg‘:l 2a=1 A;\y(Ma|x ® B"a’w’y) }yE[r]
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