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Quantum instruments describe outcome probability as well as state change
induced by measurement of a quantum system. Incompatibility of two in-
struments, i. e. the impossibility to realize them simultaneously on a given
quantum system, generalizes incompatibility of channels and incompatibility
of positive operator-valued measures (POVMs). We derive implications of in-
strument compatibility for the induced POVMs and channels. We also study
relation of instrument compatibility to the concept of non-disturbance. Finally,
we prove equivalence between instrument compatibility and postprocessing of
certain instruments, which we term complementary instruments. We illustrate
our findings on examples of various classes of instruments.

1 Introduction

Incompatibility of measurements captures the fact that not all (and not even all pairs of)
quantum measurements can be measured jointly simultaneously, and it is widely recog-
nized as one of the most important nonclassical features of quantum theory. The roots
of incompatibility can be found already in the works of Heisenberg [1| and Bohr [2] with
the most paradigmatic example being the inability to sharply measure the position and
momentum of a particle at the same time.

Once the concept of incompatibility was recognized, it was first characterized through
commutativity relations of sharp observables and later generalized to existence of a joint
measurement device with suitable marginals to encompass the modern description of quan-
tum measurements via the positive operator-valued measures (POVMs) (see e.g. [3] for
a short historical review). Indeed various works linked incompatibility of POVMs to Bell
nonlocality (as Bell inequalities can be violated only using incompatible measurements)
[4, 5], contextuality [6, 7, 8], steering 9], various quantum information tasks such as state
discrimination [10, 11, 12| and random access codes [13, 14| and in general to the non-
classicality of an operational theory [15]. For more detailed review of incompatibility we
encourage the reader to see [3, 16].

The concept of joint measurability is an operational notion involving any preparation,
transformation or measurement devices with various types of inputs and outputs, so it is
not limited to POVMs. Indeed, the (in)compatibility of quantum channels, i.e., devices
that describe the transformations between quantum systems, was introduced in [17] and
later studied e.g. in [18, 19, 20|. More generally, the (in)compatibility of channels act-
ing between any two systems (classical, quantum or mixed quantum-classical) has been
considered in [21]. In particular, the compatibility of quantum instruments, i.e., devices
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Figure 1. Input-output devices D4 and Dp are compatible, denoted by D4 @ Dp, if and only if there
exists a joint device D4p which produces an output for both original devices simultaneously with a
single input in each use of the joint device.

that can be used to measure the quantum system while also including the description
of the post-measurement state thus allowing for sequential measurements, was explicitly
studied recently in [22] and it has resulted into an increased interest and a series of works
[23, 24, 25, 26] on the topic.

In particular, in [22] the authors proposed two possible definitions for compatibility
of instruments: the traditional compatibility, which strictly generalizes the concept from
the compatibility of POVMs as finding a joint instrument with proper classical marginals,
and the parallel compatibility, which captures the idea that the joint device should be
able to produce all the outputs, including the post-measurement states, simultaneously for
all original instruments. Advocating for the latter definition, the same authors focused
on quantitative characterization of incompatibility of instruments through incompatibility
robustness in [25]. On the other hand, the authors of [23| focused on the traditional
incompatibility and considered it as a resource for programmable quantum instruments.
In [26] the authors introduced more different notions for compatibility of instruments,
including the previous two, and used them to obtain hierarchy of resource theories for
incompatibility, and in [24] the authors considered incompatibility of measurement devices
in an even more general setting of operational probabilistic theories and connected it to
disturbance caused by measurements.

The starting point for our work is what one can view as an operational description of
parallel compatibility: compatible devices should allow for joint simultaneous implemen-
tation meaning that a joint device with a single input should be used to obtain the correct
output for each original device at each experimental run. For general input-output devices
this is illustrated in Fig. 1. We note that the notion of parallel compatibility can be
applied to any set of possibly different types of devices (in any operational theory) as long
as they have the same input types, thus unifying the existing notions of POVM-POVM,
POVM-channel and channel-channel compatibility. Conceptually parallel compatibility
was considered in [16] and mathematically the resulting definitions can be obtained from
the channel compatibility considered in [21]. The terminology is adopted from [22]. Thus,
in this work we consider compatible instruments to be parallelly compatible.

We study in detail the relation between the compatibility of different devices, namely
measurements (described by POVMs), channels and instruments, and show that indeed
the compatibility of instruments generalizes all the previously defined notions. Indeed,
although instruments include a description both for the induced POVM and the state
change induced by the measurement, studying the compatibility relations between the in-
duced POVMs/channels shows that compatibility of instruments cannot be reduced into
the compatibility of its induced POVMs or channels. Next we generalize the concept of
non-disturbance to quantum instruments and generalize the known connections between
compatibility and non-disturbance (see e.g. [27]) to instruments: we show that if the mea-
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surement process of a POVM does not disturb an instrument, then the POVM and the
instrument must be compatible. Lastly, by introducing the concept of a complementary
instrument we can show that the instrument postprocessing relation [28| can be used to
characterize compatible instruments, thus strictly generalizing the result of [17] for chan-
nels: two instruments are compatible if and only if one of them can be postprocessed from
the complementary instrument of the other. While in literature we found almost no case
studies of compatible channel type pairs originating from postprocessing of a complemen-
tary channel, it was possible to provide some simple illustrative examples in the general
case of instruments. This shows that this characterization can be quite useful for certain
simple classes of instruments.

The structure of the manuscript is as follows: In Sec. 2 we shortly summarize the
main results that we derive in this work. In Sec. 3 we introduce all the preliminaries and
the used notation. In Sec. 4 we define compatibility of different devices and study their
relations. Sec. 5 focuses on exploring the connection of compatibility and non-disturbance.
In Sec. 6 we show the connection of compatibility and postprocessing of instruments and
give a useful characterization for compatible instruments. Lastly, in Sec. 7 we use the
previously obtained characterization to exemplify compatibility between simple classes of
instruments. In Sec. 8 we give our summary and conclusions.

2 Main results

The aim of this paper is to investigate incompatibility of instruments and to find links of
this problem to other problems and known results. Formally, a quantum instrument Z with
a finite set of measurement outcomes ) that describes the measurement and the related
state transformation process between Hilbert spaces H and K is a mapping Z : ¢ — Z,
from € to the set of completely positive linear maps from H to K such that &% := Yoreals
is a quantum channel, i.e., a completely positive trace-preserving map. For any quantum
state (density matrix) o, the (unnormalized) conditional post-measurement state is Z, (o),
where z is the outcome obtained in the measurement. Probability of obtaining x is governed
by the induced POVM AZ, i.e., a mapping AZ : x s AZ(z) from € to the set of positive
operators on H such that 3, .o A (z) = I, defined via the formula tr [AI(x)g] = tr [Z,(0)].
The set of instruments from #H to K with outcome set € is denoted by Ins(Q2, H, K).

Quantum instrument can be seen as a concept that easily encompasses the concept of
quantum channel or a POVM as its special case if the outcome set of the instrument has
just a single element or the output space is one-dimensional, respectively. With suitable
definitions this allows us to consider compatibility of a POVM with some other POVM
or a channel or an instrument, or compatibility of a channel with another channel or an
instrument as a special case of compatibility of two instruments. We will make use of
this fact to avoid repeating the arguments separately for POVMs or channels, although
we might state the results separately for each of them for readers convenience. The above
unifying notion of compatibility, as discussed in detail in Sec. 4, takes the following form
known as parallel compatibility [22]:

Definition (Compatibility). Two instruments Z € Ins($2, H, ) and J € Ins(A, H,V) are
compatible, denoted by Z @ 7, if there exists a joint instrument G € Ins(Q x A, H, K ® V)
such that

>t [Gay(@)] = F(e) Yy, Yt [Guy(0)] =Tu(e) VreQ

T yeEA

for all states o.
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Remark 1 (Parallel vs. traditional compatibility). As we already mentioned, the pre-
vious definition is called parallel compatiblity in [22] in contrast to the other notion of
compatibility for instruments considered by the authors in [22], which they call traditional
compatibility: two instruments T € Ins(Q, H,K) and J € Ins(A,H,K) are traditionally
compatible if there exists an instrument G € Ins(Q2 x A, H,K) such that - ,cq Gy = Ty
forally € A and - cp G(opy) = Lo for all z € €L

Thus, in order for two instruments to be traditionally compatible, the instruments
should have also the same output spaces and the joint device could be used to recover one
of the original instruments just by ignoring the classical measurement outcome associated
to the other instrument and vice versa. Furthermore, what follows from the definition is
that for two instruments to be traditionally compatible it is necessary that they have the
same induced channel. Next, we want to point out some differences between traditional
and parallel compatibility.

While it is clear that traditional compatibility recovers the compatibility of POV Ms, it
does not follow the spirit of the operational description of parallel compatibility of general
(possibly different type) input-output devices. Naturally, traditional compatibility is also
an operational notion, but it is also a more restrictive notion of compatibility since it
can only be defined for devices with the same output as well as the same input. Thus,
compatibility of a POVM and a channel or a POVM and an instrument cannot even be
considered to be traditionally compatible. On the other hand, parallel compatibility of a
POVM and another POVM or a channel or an instrument can be linked to an important
physical problem of non-distrubance (see Sec. 5 for details).

Furthermore, even though the definition of traditional compatibility can be applied
for channels (with the same output space), one can immediately see that in this case the
definition becomes trivial, since a channel can be traditionally compatible only with itself.
On the other hand, parallel compatibilty of channels is closely related to tasks such as
cloning and broadcasting which can be phrased simply in terms of parallel compatiblility
of identity channels. Traditional compatibility is a valid concept for instruments, which
should be studied on its own, including exploration of its connections to other information-
theoretic tasks. However, it does not serve well as a unifying concept of compatibility for
general input-output devices; a concept that we are trying to pursue in this work.

Another difference between traditional compatibility and parallel compatibility is that
even though both of them generalize compatibility of POVMs, parallel compatibility re-
spects wider class of reductions. What we mean by that is that if one considers POVMs
as measure-and-prepare channels/instruments, which encode the classical measurement
outcomes into (distinguishable) quantum states, it can be shown (see Sec. 7.1 for de-
tails) that two POVMs are compatible if and only if the associated measure-and-prepare
channels/instruments are parallelly compatible. On the other hand, one can find ex-
amples where compatible POVMs have traditionally incompatible measure-and-prepare
channels/instruments.

In the current manuscript we carefully analyze consequences of instrument compati-
bility for the induced POVMs and channels of the two instruments. We also introduce
and study a previously omitted concept of compatibility of a POVM and an instrument
which is a special case of the previous definition when one considers the POVM as an in-
strument with a one-dimensional output space. We find that compatibility with an instru-
ment automatically implies compatibility with its induced POVM and its induced channel.
These necessary conditions might be often easier to check, and would quite often suffice
to conclude incompatibility of a given pair of instruments. On the other hand, we show
that instrument compatibility is not equivalent to simultaneous compatibility of the induced
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POVMs and the induced channels of the instruments.
Compatibility of POVMSs is known to be closely related to the important operational
concept of non-disturbance.

Definition (Non-disturbance). An instrument Z is said not to disturb an instrument J
it 7y o oL = Jy for all y. We also say that a POVM A does not disturb an instrument J
if there exists an instruments Z with AZ = A such that Z does not disturb 7.

This concept has been mostly studied in terms of POVMs (second part of the definition
when 7 is a POVM) but we generalize this concept to general instruments. It is known
[27] that if a POVM does not disturb another POVM then the POVMs are compatible, and
furhtermore, if one of the POVMs is sharp, i.e., projection-valued, then also the converse
holds. We generalize this result in the case when a POVM does not disturb an instrument:

Proposition. If a POVM A does not disturb an instrument J, then A and J are com-
patible. Furthermore, for sharp A also the converse holds.

Another way how compatibility problem can be approached is by studying construc-
tions, which lead to compatible pairs. For this purpose it is natural to consider how an
instrument can be postprocessed in the most general way, because application of such
postprocessings will not change compatibility of a pair of instruments. In particular, fol-
lowing [28], we say that an instrument Z is a postprocessing of an instrument 7, denoted

by Z < J, if there exist instruments {R(y)}y such that 7, = ZyEA Rg(ﬁy) o Jy for all .

Previously it was known [17]| that a pair of channels are compatible if and only if
one of them can be postprocessed from the complementary channel of the other chan-
nel. Inspired by a notion of complementary channel we defined analogous notion of a
complementary instrument. In partucular, for an instrument Z € Ins(Q2,H,K) with a
dilation (H 4, W, E), meaning that Z,(p) = try, [WoW™* (E(z) ® Ix)], we define comple-
mentary instrument TC¢ € Ins(Q, H, Ha) relative to (Ha, W,E) via the formula ZC (o) =
tric [(\/E(:c) ® I;C> W oW (\/E(:z:) ® I;Cﬂ.

One of the main results of this paper is that we were able to show that two instruments
are compatible if and only if one of them can be postproccessed from the complementary
instrument of the other one.

Theorem. Let T and J be instruments and let ¢ be a complementary instrument of T
related to any dilation. Then T o J if and only if J < Z€.

Thus, we showed that verifying compatibility of a pair of instruments is equivalent to
verification of the instrument postprocessing relation between one of the instruments and
the complementary instrument of the other. This result can be also seen as a characteri-
zation of all instruments that are compatible with a chosen instrument.

Finally, we illustrate the findings presented above by finding particular classes of com-
patible instruments. For measure-and-prepare instruments, i.e., instruments which are
realized by a measurement of some POVM on the input state and preparing an output
state based on the obtained measurement outcome, we show that any instrument is com-
patible with a measure-and-prepare instrument if and only if it is compatible with its induced
POVM. Similarly, we proved that a pair of measure-and-prepare instruments are compat-
ible if and only if their induced POVMs are compatible. For indecomposable instruments,
i.e., instruments which are composed only from quantum operations expressible by a single
Kraus operator, we show that one of their complementary instruments is always a specific
measure-and-prepare instrument with the same induced POVM. Thus, all instruments
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compatible with an indecomposable instrument must be an postprocessing of that measure-
and-prepare instrument, and we furthermore characterize the form of these instruments.
We also show that two indecomposable instruments can be compatible only if their induced
POVMs are postprocessing equivalent to rank-1 POVMs. This effectively means that they
are both measure-and-prepare instruments which prepare pure states and measure rank-1
postprocessing equivalent POV Ms.

3 Preliminaries and notation

Let ‘H be a finite-dimensional complex Hilbert space and let us denote the set of (bounded)
linear operators on H by L£(H). We denote the adjoint of an operator A € L(H) by A*
defined as (@ |Ay) = (A*p|9) for all p,9 € H, and we denote the set of selfadjoint
operators in L(H), i.e. operators A € L(H) such that A* = A, by L,(H). States of a
quantum system are represented by the elements of the set of unit-trace positive semi-
definite operators on H, which we denote by S(H), so that

SH) ={e€ Ls(H)|e= O, trlo] =1},

where O denotes the zero operator on H.

Selfadjoint operators on H bounded by O and I, where I (or I3 if we want to be more
specific) is the identity operator on H, are called effects and we denote the set of effect on
H by E(H), i.e.,

EH)={E e Ls(H)|O<E<I}

The probability that the event corresponding to an effect E is detected in a measurement
of a quantum system in a state p is given by the Born rule tr[pF]. Consequently, an
observable A on H with a finite set of outcomes €2 is described by a positive operator-
valued measure (POVM), i.e., by a mapping A : = — A(z) from Q to E(H) such that
> weaA(x) = I. The set of observables on H with outcome set 2 is denoted by O(Q, H).
We say that a POVM A € O(Q,H) is sharp if it is projection-valued, i.e., A(z)? = A(z)
for all x € Q.

Transformations between sets of states on Hilbert spaces H and K, i.e. between S(H)
and S(K), are mathematically described by quantum channels, which are completely pos-
itive trace-preserving maps from £(H) to L(K). The set of channels from L£L(H) to L£(K)
is denoted by Ch(#, ). We denote the identity channel in Ch(#,#H) by idy or just id
if the Hilbert space is evident from the context. Completely positive maps that are not
trace-preserving but only trace-nonincreasing are called quantum operations and they de-
scribe the probabilistic transformations of states. Quantum channels and operations have
several useful characterisations some of which we will recall next.

Very well known representation of quantum channels and operations is the operator-
sum form or the Kraus decomposition [29]: a linear map N : L(H) — L(K) is a quantum
operation if and only if there exists bounded operators (called Kraus operators) K; : H — K
for all i = 1,2,..., N for some N € N such that N(9) = >, K;oK; for all p € L(H) and
> K K; < I. For finite-dimensional H and K it is possible to choose dim(#) dim(K) or
fewer Kraus operators, and the minimal number of Kraus operators for a given operation
is called the Kraus rank of the operation. Operations/channels with Kraus rank 1 are
exactly the indecomposable elements in the set of operations/channels meaning that they
cannot be written as a non-trivial sum of any other different operations [28].

Another important representation of quantum channels and operations is the Stine-
spring dilation [30]. It N : L(H) — L(K) is a quantum operation, then its Stinespring
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dilation is denoted by a tuple (H 4, W) of an ancillary Hilbert space H4 and a bounded
operator W : H — H 4 ® K that satisfies W*W < I such that

N (o) = try, [WoW?™] (1)

for all p € L(H). In the case when N is a quantum channel we have that W is an isometry,
ie., W*W = I. It is an elementary result in Hilbert space operator theory [30] that for all
quantum operations a Stinespring dilation exists, it is not unique and furthermore that it
can be chosen to be minimal in the sense that the ancillary space has a minimal dimension,
or more formally, that the linear span of the vectors {(I @ K)W¢|K € L(K),p € H} is
the whole H 4 ® K. It can be shown that every dilation (H’y, W’) is connected to a minimal
dilation (Ha, W) by an isometry V : H 4 — H/; such that W’ = (V @ I)W. We note that
here V' is unitary if and only if also (#'y, W’) is minimal.

While a measurement device with an output of only classical measurement outcomes
is described by a POVM, a quantum instrument is used to describe a measurement sce-
nario where also the post-measurement state is taken into account. Formally, a quantum
instrument Z with a finite set of measurement outcomes €2 that describes the measurement
and the related state transformation process between Hilbert spaces ‘H and K is a map-
ping Z : z — Z, from 2 to the set of quantum operations from L£(H) to £(K) such that
®T .= ¥, 0T, € Ch(H,K) is a channel. For any state 0 € S(H), the (unnormalized)
conditional post-measurement state is Z, (o), where x is the outcome obtained in the mea-
surement. Probability of obtaining x is governed by the induced POVM AT € O(Q,H) via

the formula tr [AI(x)Q} = tr[Z;(o)]. The set of instruments from L(H) to L(K) with out-

come set ) is denoted by Ins(Q2, H, K). In the case when the input and the output spaces
are the same, K = H, we denote the set simply Ins(2, ). We also call an instrument
indecomposable if each of its (nonzero) operations is indecomposable.

Example 1. For a POVM A € O(Q,H) we define the Liiders instrument " € Ins(Q, H)
of A by setting T2 (o) = \/A(x)o\/A(z) for all z € Q and ¢ € S(H). Thus, each operation
Iﬁ of the Liiders instrumet is defined by a single Kraus operator \/A(z) so it is indecom-
posable, and AZ" = A. Tt is a well-known result [31, Thm. 7.2.] that every instrument
T € Ins(Q,H,K) with AT = A can be expressed as Z, = £®) o Z? for some quantum
channel £@) € Ch(H, K) for all z € Q.

4 Compatibility of quantum devices

4.1 Definitions of compatibility

As was mentioned in the introduction, our starting point for this work is what we consider
an operational description of parallel compatibility: compatible devices should allow for
joint simultaneous implementation meaning that a joint device with a single input should be
used to obtain the complete output for each of the original devices at each experimental run.
More precisely, the output of the joint device should be a multipartite system composed
from the output systems of the original devices such that by ignoring the complete output
system of one of them one obtains (with no error) the complete output for the other device.
Conceptually parallel compatibility was considered in [16] and mathematically the resulting
definitions can also be obtained from the channel compatibility considered in [21].

An important point is that this definition does not reference to any particular type of
device but it works with any input-output devices with the only restriction being that the
type of the input system is the same (as this must be the type of the input of the joint device
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as well). This allows us to consider compatibility of otherwise different devices under the
same definition. Hence, we can then study compatibility of preparations, measurements,
state transformations (i.e. channels) and instruments and all of the possible collections of
those devices in the same setting.

While measurements, channels and instruments have the same type of input (a single
quantum system), a preparation device prepares a system in a quantum state (i.e. a
density matrix) determined by a classical input. Thus, compatibility of preparation devices
with these other types of devices is not feasible because of the mismatch of the input
types. On the other hand, any preparation devices are always compatible, because classical
information can be copied and each of the systems can be then prepared independently.
Hence, we will focus on compatibility of measurements, channels and instruments. We will
define below when two quantum devices (picked from channels, POVMs and instruments)
are compatible and we say that they are incompatible otherwise.

In quantum theory, measurements with only classical measurement outcomes are de-
scribed by POVMs. Compatibility of two POV Ms defined according to the above principles
coincides with the traditional definition of the compatibility of two POVMs, i.e. joint mea-
surability of POVMs, which has a long history and has been studied extensively in the past.
Thus, we require the existence of a joint POVM, which outputs a pair of classical outcomes
and each of them specifies an outcome of the two POVMs that are jointly measured. In
other words, ignoring first (second) outcome provides the outcome of the second (first)
POVM from the compatible pair, respectively.

Definition 1 (POVMs). Two POVMs A € O(Q,H) and B € O(A,H) are compatible,
denoted by A @ B, if there exists a joint POVM G € O(2 x A, H) such that

Z G(z,y) =B(y) YyeA, Z G(z,y) = A(x) Vo el (2)
€S yeEA

Similarly, the definition of compatibility of two quantum channels requires existence
of a joint channel that maps input state to a bipartite state on the tensor product of the
output systems of the two channels. By ignoring one of the systems on the output one
recovers the output of the other channel:

Definition 2 (Channels). Two channels ® € Ch(H, K) and ¥ € Ch(H,V) are compatible,
denoted by ® @ W, if there exists a joint channel I' € Ch(#, K ® V) such that

tric [[(0)] = ¥(0), try[I'(0)] = 2(0) (3)
for all o € S(H).

Compatibility of a channel and a POVM serves as the first example of compatibility
of two different types of devices. Since POVMs correspond to measurements with classical
measurement outcomes and channels to state transformations, the joint device should be a
device that takes a quantum system as an input and outputs both a classical measurement
outcome and a transformed post-measurement state. A device of this type is exactly a
quantum instrument.

Definition 3 (POVM and channel). A POVM A € O(Q2, H) and a channel ® € Ch(H, K)
are compatible, denoted by A @ @, if there exists a joint instrument G € Ins(£2, H, K) such
that

P9 =0, AY=A. (4)
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We note that trivially for any instrument G we have that A9 @ ®9Y.

If we now follow the definition of parallel compatibility for instruments, the joint device
for two compatible instruments should then output two classical measurement outcomes
and a state in the tensor product of the output systems of the two instruments. By
ignoring a pair of classical-quantum outputs corresponding to one of the instruments one
obtains both the classical measurement outcome and the post-measurement state of the
other instrument.

Definition 4 (Instruments). Two instruments Z € Ins(Q2, H, K) and J € Ins(A, H, V) are
compatible, denoted by Z @ 7, if there exists a joint instrument G € Ins(Q2 x A, H, L@ V)
such that

>t [Q(m,y)(@)} =Jy(0) VyeA, D try [Q(z,y)(@)] =T.(0) VzeQ  (5)

T yeEA
for all o € S(H).

This definition corresponds exactly the definition of [22] and which can be also recov-
ered from the definition of compatibility presented in [21] in the case when the instruments
are formulated as channels that map to a mixed quantum-classical system. It is clear that
the above definition can be seen as a direct generalization of the definitions of compatible
POVMs and channels that were known before: In particular, in Def. 4 we see that if
the considered instruments have just one outcome, i.e. they are channels, then the com-
patibility criterion reduces to that of Def. 2. Furthermore, if one considers POVMs as
instruments with one-dimensional output spaces, then for two POVMs the compatibility
criteria in Def. 4 reduces to that of Def. 1. And naturally, when one has a POVM (an
instrument with a one-dimensional output space) and a channel (an instrument with only
one outcome), then Def. 4 reduces to Def. 3.

By applying Def. 4 in the case of a POVM (an instrument with one-dimensional
output space) and some other instrument we see that it generalizes Def. 3 of compatibility
between a POVM and a channel. In the case of a POVM and an instrument, the joint
device outputs the classical measurement outcome of the POVM as well as the classical
and quantum outputs of the instrument; thus, the joint device is also an instrument. We
can explicitly state the definition in the following form:

Definition 5 (POVM and instrument). A POVM A € O(Q,H) and an instrument J €
Ins(A, H,K) are compatible, denoted by A ® 7, if there exists a joint instrument G €
Ins(2 x A, H, K) such that 37, .0 G(uy) = Ty for all y € A and 35 ) AY(z,y) = A(z) for
all z € Q.

Effectively the above definition means that 1) the original POVM and the induced
POVM of the original instrument can be measured jointly and the joint POVM in this
case is just the induced POVM of the joint instrument, and 2) the post-measurement state
of the original instrument can be recovered from the post-measurement state of the joint
instrument.

In the case when J = ® is a channel, then the above definition of compatibility of a
POVM A and ® reduces to Def. 3. Also, when J is a POVM, then the above definition
reduces to Def. 1. Thus, together with all the observations that we made above, the
compatibility of instruments captures all the other cases of compatibility.

Remark 2. In some of the literature for a given POVM A an instrument J is said to
be A-compatible if A7 = A. We note that this is different to saying that A and J are
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compatible because in general we might have A7 # A (examples of this type can be
constructed from the results of Sec. 7; see e.g. Prop. 8 and Prop. 9). In fact in Def. 5 the
joint instrument G not only implements J as one of its marginals but in fact the induced
POVM AY of the joint instrument G is a joint POVM of A and A7. Thus, if A7 = A, then
in the notation of Def. 5 one can clearly define the joint instrument as G, ,y = 9547, for
all z € Q and y € A. In conclusion, saying that an instrument 7 is A-compatible is the
same as simply saying that the induced POVM A7 of J is A or equivalently that A and
®7 are compatible with one of the joint instruments being 7, but in general it is different
to saying that A and J are compatible.

One of the most important examples of incompatible instruments/ channels is the fact
that two identity channels are incompatible [17]; more famously this fact is known as the
no-broadcasting theorem [32] (which is a generalization of the no-cloning theorem [33])
since the existence of a joint channel for identity channels is the same as the existence of
perfect universal broadcasting device.

Although we will consider compatibility of specific types of instruments in later sections,
we want to start here with a simple class of instruments that are compatible with every
other instrument.

Example 2. Let Z € Ins(Q, H, K) be a trash-and-prepare (or trivial) instrument defined
by some probability distribution (p;).cq and some family of states {£;}.cq C S(K) such
that Z,(0) = trlo]pz&; for all p € L(H) and = € Q. Thus, the action of Z can be
simply described as just ignoring or disregarding the input and preparing an output state
according to some predetermined probability distribution from a fixed family of states.
To see that Z is compatible with any instrument J € Ins(A,H,V) we can define a joint
instrument G € Ins(Q x A, H, L ® V) by setting G, ,y(0) = pz€e @ Ty(0) for all o € S(H),
r € Qand y € A.

4.2 Compatibility of the induced POVMs and channels

Next, we will explore some of the basic properties of compatible instruments. Let Z and J
be two instruments. We note that all the above definitions of compatibility are symmetric
relations, thus for example Z ® J < J @ Z. First, we observe that if Z @ J by ignoring
part of the classical or quantum output of the joint instrument we can prove that Z is
compatible with the induced channel ®7 and induced POVM A7 | respectively.

Proposition 1. LetZ € Ins(Q, H,K) and J € Ins(A, H, V) be two compatible instruments.
Then I @ ®7 and I o A7

Proof. If Z @ J, then there exists a joint instrument G € Ins(2 x A, H, K ® V) for Z and
J. Let us define an instrument &£ € Ins(2, H, K ® V) by setting & = >, cp G(z,y) for all
x € A. We then see that

try [€a(0)] = D 1y [Gayy(0)] = Z.(0)

yeA

for all z € Q and p € S(H), as well as

Yot [E(o)] = (Z trx [Q(Ly)(g)}) =Y J,(0) = 27 ()

e yeA \z€ef yeEA
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Figure 2: Implications of the compatibility of instruments Z and 7. Compatibility with an instrument
automatically implies compatibility with its induced POVM and its induced channel.

for all o € S(H) so that € is a joint instrument for Z and ®7 so that indeed Z @ ®7. If
Z @ J, then we define an instrument R € Ins(Q x A, H, K) by setting

R(x,y)(@) = try {g(x,y)(g)}

forallz € Q,y € Aand o € S(H). We see that now -, cp Rs,y) = L for all z € Q so that
PR = ®L. Furthermore, we see that AR = AY and since AY is a joint observable for AL
and A7, so is AR as well so that 3", cq AR(z,y) = A7 (y) forally € A. Thus, Zo A7. O

If we consider POVMs as instruments with one dimensional output and channels as
instruments with one element outcome set then Proposition 1 also states that Ao J =
Ao d/ NAo AT and P J = @ &7 A d @ A7 for any channel ® and any POVM A.
As a direct consequence of Proposition 1 all the implications in Fig. 2 hold, since we can
choose A = AT and & = &L,

Corollary 1. Let Z € Ins(Q,H,K) and J € Ins(A, H,V) be two compatible instruments.
Then X @Y, where X € {Z,AL,®*} and Y € {J,A7,®7}, i.e. compatibility of instru-
ments implies compatibility also for the induced POVMs or channels on both sides of the
relation.

We note that some of these implications were also studied in [22]: in particular, it is
shown therein that Z @ J indeed implies that AT ® A7, &L o A7, AT ® &7 and & @ 7.
However, our aim with the above result was to show how the previously unknown notion of
compatibility between a POVM and an instrument fits into this picture and also to show
all the relevant implications and not only those coming from the compatibility of Z and 7.

4.3 Attempted reductions of the compatibility problem for instruments

It might be tempting to reduce the compatibility of instruments to the compatibility of its
components; namely to the compatibility of both the induced POVMs and channels. Let
us show a simple counterexample for this type of reduction.

Example 3. Let us consider two qubit instruments Z € Ins(2, H, K) and J € Ins(A, H, V)
with input and output Hilbert spaces thus being H = I = V = C?: in particular let Z
be the single outcome identity instrument Z = id € Ch(C?), and let 7 be a four outcome
instrument J € Ins({0,1,2,3},C?) defined as J;(0) = 10i00; for all y € {0,1,2,3}, where
{0:}}_, are the identity and the three Pauli matrices. It is well known that ®7 (o) =
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tr (o] %I for all o € £(H) so that ®7 is a trash-and-prepare channel. Thus, by Example
2 we have that Z = &L @ ®7. Since both induced POVMs are trivial, we also have that
AT @ AY. On the other hand, the two instruments could not be compatible, because the
joint instrument could be used to build perfect universal qubit cloner as follows. Let
G € Ins({0,1,2,3},C% C? ® C?) be the joint instrument. We define quantum channel
E(o) =>;(Ix ® 04)Gi(0)(Ix ® ;). We then must have for all p € S(H) that

try [E(0)] = try lz gi(@)‘| =1(0) = o,
tric [£(0)] = Zai(trlc [Gi(0)])o: = Z%Z’(Q)Ui =0.

Thus, existence of joint instrument would imply existence of perfect broadcasting channel
&, i.e., the joint channel of two identity channels, which is a known contradiction [17].

On the other hand, another tempting reduction might be to reduce the compatibility
problem for instruments by removing features that do not affect the compatibility relation.
In particular, as was explained in Example 1, since every instrument can be realized as a
concatenation of the related Liiders instrument and some set of conditional channels, one
naturally emerging option would be to reduce the compatibility of the given instruments
to the compatibility of the related Liiders instruments. Unfortunately, this is not possible
and only one-directional implication works as we show below.

Proposition 2. If 7 € Ins(Q,H,K) and J € Ins(A, H,V) are two instruments such that
their Liiders instruments TA" and TA are compatible, then I and J are compatible as
well.

Proof. Let us denote by {£®},cq C Ch(H,K) and {F®W},cp C Ch(H,V) the sets of
conditional channels that postprocess Liiders instruments 7A" and 727 to T and J re-
spectively, ie., I, = £®) o IIAI for all z € Q and J, = FW o I{}j for all y € A as per
Example 1. Compatibility of 7A" and 7A implies the existence of a joint instrument R €
Ins(Qx A, H,H®H). Based on this, we can define an instrument R € Ins(Qx A, H,KRV)
by setting ﬁ(w,y) = (5(1) ® f(y)) 0 R(yy) for all z € Q and y € A. We see that

Ztrv [ﬁ(m,y)(g)] = Ztrv [(5(1) ® f(y)) (R(x,y)(QD}

= E@ o try [Z R(aay)(@)] =@ oI ()
)

= Ix(g)

for all p € S(H) and for all z € . Analogically we get that > trg [R(x,y)} = J, for all
y € A so that R is a joint instrument for Z and J. O

On the other hand, to see that the converse does not hold, let us consider a pair of
single outcome instruments (i.e. channels) defined as Z(g) = ¢ and J (o) = tr[g| ¢ for all
0. These instruments are compatible, but their Liiders instruments (identity channel in
both cases) are incompatible since cloning is again impossible.
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5 Compatibility and non-disturbance

For POVMs compatibility is also closely related to the concept of non-disturbance. Tradi-
tionally the non-disturbance for POVMs (see e.g. [27]) is defined as follows: a POVM
A € O(Q,H) does not disturb a POVM B € O(Q,H) if there exists an instrument
T € Ins(Q,H) with AT = A such that

tr [B(y)q)z(g)} = tr [B(y)o]

for all y € A and ¢ € S(H). The previous condition does indeed capture the idea that A
can be measured by some instrument Z such that the measurement statistics of B is not
disturbed by the transformation induced by the instrument Z. Equivalently we can phrase
the non-disturbance condition as a condition on the adjoint map (®%)*; we simply require
that (@I)* (B(y)) = B(y) for all y € A.

However, strictly speaking the traditional non-disturbance condition for POVMs does
not involve the POVM that is supposed to be non-disturbing but rather a way of measuring
that POVM via some instrument. This is because for non-disturbance one needs to be
able to do sequential operations on the post-measurement state. Furthermore, as this
possibility is inherent in the description of an instrument, a natural generalization from non-
disturbance of POV Ms is to consider the non-disturbance of instruments. Since instruments
have another output in addition to the classical measurement outcome, namely the output
state, then also this output must remain undisturbed. Hence, we make the following
definition:

Definition 6 (Non-disturbance). An instrument Z € Ins(€2, H) is said not to disturb an
instrument J € Ins(A,H,V), denoted by Z ND T, if T, o oL = Jy for all y € A. We also
say that a POVM A € O(Q, H) does not disturb an instrument J € Ins(A,H,V), denoted
by A ND 7, if there exists an instruments Z € Ins(2, H) with AL = A such that Z np J.

It is straightforward to verify that if J is a POVM, i.e., an instrument with one-
dimensional output space, then the latter part of the previous definition reduces to the
traditional non-disturbance condition that was described above. However, we note that we
have to inevitably use separate definitions for POVM and instrument non-disturbance and
we cannot simply consider non-disturbing POVM as an instrument with one-dimensional
output space. This is because a non-disturbing device must have its input and output
systems equal to the input system of the undisturbed device so that the sequential im-
plementation is possible. Especially, as the input systems of POVMs, channels and in-
struments are non-trivial quantum systems, non-disturbance of POVMs must be phrased
in terms of the instruments implementing them. On the other hand, for channels we use
the above definition to say that a channel does not disturb a POVM /channel/instrument
by considering the channel as a one-outcome instrument. Consequently, we see that an
instrument Z does not disturb a POVM /channel /instrument if and only if the channel ®Z
does not disturb it.

Based on the definition 6 it is easy to see the following connections between non-
disturbance of different devices.

Proposition 3. Let Z € Ins(Q,H) and J € Ins(A,H) be two instruments. Then the
implications in Fig. 3 hold.

It is known that there is a clear connection between non-disturbance and compatibility
in the case of POVMs (see e.g. [27]). In particular, if a POVM is not disturbed by a
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dInpdd <= ®f np J| = |[PTnD AT

0 0 0

In®7 < |InoJ| = |Zno AY

| | |
Afnp®7| <= [ATno T = |AZnpAT

Figure 3: Implications of the non-disturbance of instruments Z and J. Non-disturbance of an instru-
ment automatically implies non-disturbance of its induced POVM and its induced channel.

measurement of another POVM, then they can be measured jointly sequentially so that
they are compatible. Interestingly, if one of the POV Ms is sharp, then their compatibility
is also sufficient for the sharp POVM not to disturb the other one. We can generalize this
known connections to the situation when a POVM does not disturb an instrument.

Proposition 4. If a« POVM A does not disturb an instrument J, then A and J are
compatible. Furthermore, for sharp A also the converse holds.

Proof. Let A € O(Q,H) and J € Ins(A, H, V) If AND 7, then there exists an instrument
7 € Ins(€2,H) such that AL = A and Jy o oL = = Jy for all y € A. We can define a joint
instrument G € Ins(Q2 x A, H,V) for A and J by setting G, ) = J 0 Z, for all x € Q and
y € A.

Let now A be sharp. If A® 7, then there exists an instrument G € Ins(Q2 x A, H,V)
such that 37 5 AY(z,y) = A(z) for all z € Q and 3, cq G(wy) = Jy for all y € A. Thus,
G := AY is a joint POVM for A and B := A7, and because A is sharp then it follows from
[34] that they commute and they have a unique joint POVM of the form G(z,y) = A(x)B(y)
for all z € Q and y € A. Furthermore, as is explained in Example 1, since AY = G, there
exist a set of channels {€@¥)}, o en C Ch(H,V) such that Glay) = = £l@y) oI(G ) for all
x € Qand y € A. We note that from the form of G and the commutativity of A and B it
follows that I(Gx,y) =Tho IE = If oI for all ¥ € Q and y € A. Furthermore, from the

sharpness of A it also follows that Iﬁ o Iﬁ‘, = m/IxA for all z, 2" € Q. Thus, we have that

TA A , G A
Jyo®" = 3 Guyoly= >, gl 0 LGy © Lo
x,x' €N z,x’ €N
= Z glzy) OIyB OIIA OIQ/
z,x' €
— Z g@y) onB oIﬁ

e

= Z Gay) =Ty

e
for all y € A so that the Liiders instrument of A does not disturb the instrument 7. [

By taking J to be some POVM B, the known result A ND B = A @ B (see e.g. [27])
can be recovered, and similarly by taking J to be some channel ®, we also recover the
implication A ND ® = A @ ®. Naturally for sharp A their converses also hold.

Finally, we can combine some of the results from Prop. 1, Prop. 3 and Prop. 4.
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Corollary 2. Let Z € Ins(Q,H) and J € Ins(A,H,V) be two instruments. Then the
following implications hold:

IND T = AT T = Alog = AL d7 and AT AT

Again by choosing the instrument 7 to be a POVM or a channel we can recover the
respective special cases.

6 Postprocessing and compatibility

For POVMs it is known that compatibility can be equivalently stated in terms of postpro-
cessing (see e.g. [35]): POVMs A € O(Q,H) and B € O(A,H) are compatible if and only
if both of them can be postprocessed from a single observable C € O(T', H), i.e., there exist
stochastic matrices 1A := (V3})zerzeq and vB := (U8)).cr yen (so that v, > 0, 18, >0
and 3", VD, = Y Vsz =1forallz € Q,y € A and 2z € T) such that A(z) = 3, v2,C, for
all z € Q and B(y) = >, cr z/fyCz for all y € A. In this case we denote A < C and B < C.
In this section we investigate the relation between compatibility and postprocessing for
quantum instruments.

6.1 Postprocessing of instruments

As a generalization of POVM and channel postprocessing, we recall the following definition
of postprocessing of instruments from [28]:

Definition 7. An instrument Z € Ins(Q2, H, K) is a postprocessing of an instrument J €
Ins(A,H,V), denoted by Z < 7, if there exist instruments {’R(y)}yeA C Ins(92,V, K) such

that Z, = Yyen RY 0 7, for all z € Q.

By considering POVMs as instruments with one-dimensional output space, it can be
shown (see [36, Prop. 13| for an analogous proof) that the previous definition reduces to
the definition of postprocessing of the POVMs which was described above. For channels
® € Ch(#H,K) and ¥ € Ch(H,V), we can express the known definition as follows: & < ¥
if there exists a channel ® € Ch(V,K) such that ® = ® o ¥. This has been previously
studied in [37, 38, 39| and it can also be interpreted as an instrument postprocessing in
which the postprocessing instrument is just a single channel @'

We also want to note that one can consider postprocessings between channels and in-
struments: an instrument Z € Ins(Q, H, K) is a postprocessing of a channel ¥ € Ch(H, V),
i.e. T =X W if there exists an instrument Q € Ins(Q2,V, K) such that Z, = Q, o ¥ for all
z € Q, and on the other hand, ¥ < 7 if there exists channels {®®)},cq ¢ Ch(K,V) such
that U =3, cq @@ o Z,.

Next, we observe that the compatibility condition for instruments as presented in Def.
4 implies also a postprocessing relation between the joint instrument and the original
instruments, i.e. Zo J = 3G : T X GAJ =X G. This holds, because making a partial trace
and ignoring one of the outcomes/outputs of the joint instrument is a valid operation in
the instrument postprocessing sense. Thus, being postprocessings of a single instrument
constitutes a necessary condition for instrument compatibility. It clearly is not a sufficient
condition (unlike in the case of POVMs), because for instruments there exists (see [37] and
[28]) a postprocessing greatest element (e.g. the identity channel). From this element every
other channel and instrument can be postprocessed. Thus, if the existence of a common
upper bound would imply compatibility of instruments, then all channels and instruments
should be compatible, which is not true as the example of two identity channels shows.
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Although existence of a common upper bound in the postprocessing order is a neces-
sary condition for instrument compatibility, unfortunately, it is not very practical, because
narrowing down the search for joint instrument to all common upper bounds of the two
original instruments might be a very complex task. Nevertheless, we can still find connec-
tions between the postprocessing and the compatibility relations.

Proposition 5. LetZ € Ins(Q2,H,K) and J € Ins(A, H,V) be two instruments. If T < T,
then T @ A7, and in particular ®* © AT and AT ® A7

Proof. If T < J, then there exist instruments {R®},cx C Ins(Q,V,K) such that Z, =
ZyEA R;([,y) o Jy for all x € €. If we now define an instrument G € Ins(Q x A, H,K) by

setting Gy, = ng) oJy forallz € Qand y € A, we can confirm that >  cp G(z,) = Zy for
allz € A and that 3", AY(z,y) = A7 (y) for all y € A. Thus, G is a joint instrument for Z
and A7 so that Z @ A7. It follows from Prop. 1 that then also AZ @ A7 and X © AY. [

The above result resembles a similar result for POVMs, which states that if one POVM
can be postprocessed from another, then they must be compatible as they can be both post-
processed from a single POVM. However, the main difference between these results is that
for instruments the postprocessing relation does not concern having multipartite quantum
output, since it only describes sequential operations while the compatibility relation for
instruments does require multipartite quantum output. For this reason the postprocess-
ing relation in the above proposition does not guarantee compatibility of the considered
instruments, but only compatibility of an induced POVM and the other instrument.

Luckily, it turns out that there is a way to get a necessary and sufficient instrument
postprocessing condition for compatibility of instruments, although it considers postpro-
cessings of so-called complementary instruments that we consider next.

6.2 Complementary instrument

We recall that each Stinespring dilation (Ha, W) of a channel ® € Ch(#,K) defines a
complementary channel (or conjugate channel) ®¢ € Ch(H,H 4) by tracing out the output
Hilbert space K instead of the ancillary Hilbert space H4 in Eq. (1) so that

O (0) = trxc [WoW™]

for all o € S(H). Similarly, we want to define an analogous concept for instruments and
for this we first need to consider dilations of instruments.

Definition 8 (Dilation of an instrument). A dilation of an instrument Z € Ins(Q, H, K)
is a triple (H 4, W, E) consisting of a Hilbert space H 4, an isometry W : H — H4 ® K and
a POVM E € O(Q2, H4) such that

Z.(0) = try, [WoW?™ (E(z) @ Ix)] (6)

for all p € S(H) and = € Q. Then Eq. (6) implies that (H 4, W) is a Stinespring dilation of
the channel ®7, and we say that the dilation (H4, W, E) of Z is minimal if the Stinespring
dilation (Ha, W) of ®Z is minimal.

Remark 3. Although the definition of a minimal dilation of an instrument only considers
the minimality of the Stinespring dilation of the induced channel, we note that it still
has effects on the POVM in the dilation. For example, one sees that for a given minimal
dilation (Ha, W, E) of an instrument Z € Ins(Q2, H, K) the POVM E € O(Q2, H 4) is unique:
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Let (H 4, W, F) be a dilation of Z for some POVM F € O(Q2,H 4). Clearly, since (H4, W, E)
is minimal then so is (Ha, W, F) as well. Since they are dilations for the same instrument Z,
by using Eq. (6) for both of the dilations it follows that W*(E(z)@ X)W = W*(F(z) X)W
for all X € £(K) and z € Q. It is straightforward to see from the minimality condition it
follows that we must have E = F. This can also be seen as an immediate corollary of the
Radon-Nikodym theorem for quantum operations [40]. In particular, if (H'y, W', E’) is any
other dilation of Z, then we get that it is linked to the minimal dilation (4, W, E) by an
isometry V : Hyq — H/y such that W' = (V @ Ix)W, and furthermore, E(x) = V*E'(2)V
for all x € Q.

In the literature, a dilation is sometimes also called a measurement model (see. e.g.
[41]). We note that dilation can also be defined differently, for example by requiring that the
POVM E is sharp. In particular, the usual Stinespring type representation for completely
positive instruments requires that E is sharp. However, for our purposes Definition 8 is
more convenient. It was shown in [42] that each quantum instrument indeed has a dilation,
and even that the POVM on the ancillary Hilbert space can be chosen to be sharp (in this
case the dilation is not necessarily minimal). For finite-dimensional Hilbert spaces the
minimal dilation of an instrument can always be explicitly constructed (see e.g. [43]).

Definition 9 (Complementary instrument). For an instrument Z € Ins(2, H, ) with a
dilation (Ha, W,E) we define complementary instrument TC¢ € Ins(Q, H,H,) relative to
this dilation via the formula

7o) = tre | (VEW) @ 1 ) Wow™ (E(@) 0 1 )| (7)

for all p € S(H) and = € Q.

We note that complementary instrument can also be interpreted as the complementary

c
channel (qﬂ) of ®T followed by the Liiders instrument ZE of the POVM E from the
dilation of Z. Indeed, it is easy to confirm that

C
¢ = 1F o (07) (8)
for all x € Q) and any dilation of Z.

Example 4. Let A € O(2,H) be a POVM. We can consider A as an instrument A €
Ins(Q2, H,C) with a one-dimensional output space C such that A,(0) = tr[A(x)g] for
all p € S(H) and z € Q. We can define a trivial dilation (H4, W,E) for A by taking
Ha =H, Wp = ¢o® I¢ for all ¢ € H and E = A. With these choices we have that
Az (o) = try, [WoW*(E(z) ® Ic)] for all p € S(H) and x € Q. On the other hand, the
complementary instrument A® € Ins(Q, H) related to this dilation is

AS (0) = tre [(\/@@) Ic) WoW™ (\/@ ® 1@)]
= tre [M@M@ I@] = MQ\/@ =77 (o)

for all p € S(H) and x € Q. Thus, one explicit form of the complementary instrument of
a POVM is the Liiders instrument of this POVM.
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6.3 Postprocessing of complementary instruments

For two quantum channels it was shown in [17] that they are compatible if and only if one of
them can be postprocessed from any complementary (i.e. conjugate) channel of the other
one. More formally, if & € Ch(#H,K) and ¥ € Ch(H,V) are two channels, then they are
compatible, ® © U, if and only if ® < UC (or equivalently ¥ < ®F) for any complementary
channel WC (@) related to any Stinespring dilation of the channel ¥ (®). The reason
that the relation holds for any complementary channels follows from the fact that any two
complementary channels related to two different Stinespring dilations of the same channel
are postprocessing equivalent [17].

In this section we will generalize the above compatibility condition in the case of in-
struments. First, we show that as in the case of channels, also for instruments the different
complementary instruments of the same instrument are postprocessing equivalent.

Proposition 6. Let Z € Ins(Q, H, K) be an instrument. Then all complementary instru-
ments related to different dilations of T are postprocessing equivalent.

Proof. Let (Ha, W, E) be any minimal dilation of Z and let us denote the complementary
instrument related to this dilation by Z¢ so that Z¢ € Ins(Q,H,H4). We show that a
complementary instrument Z¢ € Ins(Q2, H, H'y) related to any other dilation (H'y, W', E’)
(which is not necessarily minimal) is postprocessing equivalent to the complementary
instrument Z¢. Since the postprocessing relation is transitive this then shows that two
complementary instruments related to any two dilations of Z must also be postprocessing
equivalent.

Since (Ha, W,E) is a minimal dilation of Z, i.e., (H4, W) is a minimal Stinespring
dilation of ®Z, then there exists an isometry Y : Ha — H/4 such that W' = (Y @ )W.
For the complementary channels (%) and (®Z)¢" it is easy to check that then

(@I)Cl =Yo (@I)C, )

where we have introduced the concatenation channel Y € Ch(#H 4, #/y) defined as Y(p) =
YoY™* for all p € L(H4). Since Y is an isometry the above relation can be reversed and

we also have that ,
(@I)C =Y'o (@I)C , (10)

where now Y* is the adjoint map of Y, i.e., Y*(0) = Y*pY for all p € L(H/;). Furthermore,
as in Remark 3, in this case for the POVMs it follows from the minimality of (H, W, E)
that E=Y*oE' ie., E(z) = Y*E/(2)Y for all z € Q.

Let us now consired the instrument J := ZE o) ¢ Ins(Q2,Ha, Hy). We see that
now A7 = Y* o E/ = E. Thus, in particular A7 is postprocessing equivalent with E so
that by the results of [28, Prop. 9] it follows that the indecomposable instruments J and
ZE are postprocessing equivalent. Thus, there exist two sets of instruments {'R(x)}xeg -
Ins(Q, Ha, H)y) and {R)} peq C Ins(Q, H'y, Ha) such that

T =3 RYoIE, il €, (11)
e

IE= Y R 0Ty Vaeq. (12)
/e

Accepted in { Yuantum 2024-01-30, click title to verify. Published under CC-BY 4.0. 18



Now using Eq. (8) for both dilations along with Eqgs. (9) and (12) we see that

Z R;(x/) oIg = Z R’x(x,) onE,/ o (@I)C/
'€ z'€Q
= Z R;(m/) 01'5 oYo (@I)C
'€
_ ’(a') , 7\¢
TR 000 ()
—7IFo (@I)C =1¢

€T

for all z € Q. Hence, Z¢ < 7¢.
Similarly with Eqgs. (10) and (11) we see that

S RY 018 =3 RY 0o (@I)C

€ e
= Z Rg(;) OZ'QICE oY*o (CI)I)C
FISY)

= JwoY*o ((I)I) “
= IE,I oYoY*o (CI)I)C/
=15 o (@7) g

for all 2/ € Q, where moving on to the last line we have combined Egs. (9) and (10).
Hence, also 7€ < 7€ so that in fact Z¢ is postprocessing equivalent with Z¢. ]

Now we are ready to state and prove that the problem of verifying the compatibility
of a pair of instruments can be equivalently recast as checking the postprocessing relation
among one of the instruments and the complementary instrument of the other.

Proposition 7. Let 7 € Ins(Q,H,K) and J € Ins(A, H,V) be instruments and let I¢ €
Ins(Q,H,Ha) be a complementary instrument related to any dilation (Ha,W,E). Then
the following are equivalent:

i) TwJ,
i) J < I¢.

Proof. Let us start by considering any dilation (H4, W,E) of the instrument Z, which
gives us a complementary instrument Z¢. If J < Z¢ then there exist postprocessing
instruments R(®) € Ins(A, H,V) such that 7,(0) = Y.cq Réx) (ZS (p)) for all o € S(H)
and y € A. We use it to define the joint instrument G € Ins(2 x A, H,V ® K) as follows:

(@)= (R @ide) ((VE@ @ 1) wow (EwoK)) 03

for all p € S(H), r € © and y € A. The above can be seen as a composition of three
instruments (an isometry + Liiders instrument + one chosen postprocessing instrument),
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thus G is a valid instrument. Let us now investigate the marginals of G. In particular, for
all p € S(H) we have that

try [Z g(x,y)(@)l = try, K\/%@ I’C> WeoW? (\/%(8 I'Cﬂ
=T.(0), (14)

where we have used try [Ey (Rg(f) ® id;c) ({)} = try [(@Rm ® id;c) (5)} = try, [¢] for all
&€ L(Ha®K). On the other hand, for all p € S(H) we have that

e [00] - £ o (g1 e 1)
= ;Rgf’) (Z5 (0) = Ty(0)- (15)

We conclude that G is a valid joint instrument for Z and J, so Z @ J.

Next, we want to prove that ¢) implies 7). We do that by showing first that there exists
a complementary instrument Z¢ related to some (minimal) dilation of Z such that J < Z©.
Then, from the postprocessing equivalence of all the complementary instruments that was
shown in Prop. 6 it follows that in fact J can be postprocessed from any complementary
instrument of Z.

Let us fix some minimal dilation (Hz, W%, E?) for Z, and let us consider some (not
necessarily minimial) dilation (Hg, W9, EY) of the joint instrument G € Ins(Qx A, H, VRK)
so that W9 :H — Hg®V ® K and EY € O(Q x A, Hg). We notice that (Hg ® V, W9Y)
defines a dilation for the channel &% because

®%(0) = Y To(0) = Y trv [Ga) (0)]
x x,Yy

= Ztrv [tr’Hg |:Wg 0 (Wg)* (Eg(:c,y) ®1Iy® IK)H

x?y

= trygev [Wg 0 (Wg)*} (16)

for all p € S(H). Any dilation of the channel ®7 is linked to its minimal dilation by an
isometry, thus there exists an isometry U : Hz — Hg ® V such that

WY = (U Ix)Wt (17)

Next, we recall an observation already made in [27] that any joint POVM G € O(Q x
A, H) for a pair of compatible POVMs A € O(Q,H), B € O(A,H) has a sequential
implementation. More precisely, there exist a choice of Hilbert space K, an instrument
Q € Ins(Q,H,K) and a POVM C € O(A, K) such that the concatenation of the instrument
Q with the POVM C performs a joint POVM G, i.e. Q%(C(y)) = G(ay) for all z € Q,
y € A, and AC = A, (®<9)*(C) = B. Previous observation can be used also a bit differently
than it is stated. Namely, every POVM G having a pair of outcomes (i.e. outcome set
is a Cartesian product of two finite sets) can be considered as the joint POVM for its
marginals. Then we see that such a POVM can be realized sequentially (if the connecting
Hilbert space has sufficient dimension) in such a way that we discover one of the outcomes
in each step. Thus, we can realize the POVM EY as a concatenation of an instrument
Q € Ins(Q, Hg, CIA) and a POVM C € O(A, CIA), ie.

E9(z,y) = (Qu)" (C(y)) (18)

Accepted in { Yuantum 2024-01-30, click title to verify. Published under CC-BY 4.0. 20



for all x € Q and y € A.

In order to keep formulas short we will denote by caligraphic letters the quantum
operations which perform the conjugation with the given isometry. For example, now we
have WZ(g) = WL o(WT)* and (U @ Ix)W? o (WH)*(U* @ Ix) = (U ® idx) o WF)(o),
where ¢dy is the identity channel on /C.

Using Egs. (17) and (18) we can rewrite the action of the joint instrument G as

Glay) (0) = trag [Wg(g) (Eg(a:, y) @Iy @ I,C)}
= trygg [(U @ idi) o W) (0) (Q4((Cy) @ Iy @ L)
= tron [(Qr @ idvax) o (U @ idx) o W)(0) (C(y) ® Iy @ Ix)]
= tren |(Nz @ idx) o WH)(0) (Cly) @ Iy @ I)] (19)

for all o € S(H), z € Q and y € A, where we defined the instrument A € Ins(Q, Hz, CM ®
V) as

N, = (9, ®idy)olU (20)

for all z € 2. This implies that

Z.(0) = treirigy [((/\/x ®idx) o WF)(0) <<Z C(?/)) ®ly® Izc)]

= tryy [ WHo) (AN (2) @ I )| (21)

for all p € S(H) and € Q. Thus, since (Hz, WZ,E?) is a minimal dilation, it follows
from the uniqueness of the POVM in the minimal dilation discussed in Remark 3 that
AN = ET.

As a next step, we use the known result disussed in Example 1 that every instrument
can be realized as a concatenation of a Liiders instrument of its induced POVM and
conditional postprocessing channels depending on the obtained outcome. In our situation
it means that there exist channels {£®)},cq € Ch(Hz, CM @ V) such that

Ny =E@ oA — g0 o IE" yr e Q. (22)
Using Eq. (22) we can rewrite Eq. (19) as
Glay(0) = treim (€W @idx) o (ZF @idc) o WH)(0) (Cly) @ Iy ® Ix)]  (23)

for all p € S(H), z € Q and y € A, and consequently
To(9) = Xt [
= > trow [E) (e [(ZE @idic) oWT)(0)]) (Cly) @ )]
=Y trem [(€9) 0 ZE) (o) (Cy) © Iv)]
= > (M o I)(0) (24)
for all p € S(H) and y € A, where we have defined instruments M@ e Ins(A, Hz, V) as

M(E) = trem [ED(€) (Cy) © Iv))|
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for all £ € L(Hz), x € Q and y € A. Thus, the above Eq. (24) shows that J < Z¢ for
the complementary instrument Z¢ related to the minimal dilation (Hz, W%, EZ). As was
mentioned before, now from Prop. 6 it follows that in fact J < Z€ also for any other
complementary instrument ¢ of T. O

In the next section we explore some of the consequences of Prop. 7.

6.4 Compatibility of a POVM and an instrument

As was shown in Example 4, (one of) the explicit form(s) of the complementary instruments
of a POVM A € O(, H) is the Liiders instrument Z* € Ins(€2, H). Thus, from Proposition
7 we get a direct characterization for compatibility of a POVM and an instrument in terms
of the instrument postprocessing relation including the Liiders instrument of the POVM:

Corollary 3. Let A € O(Q2,H) be a POVM and J € Ins(A, H,K) an instrument. Then
A® J if and only if J < IA.

We can see how Corollary 3 can be seen as a generalization of the know result from
Example 1: Namely, as we recall from Example 1, for an instrument Z € Ins(Q,H, K)
and an observable A € O(Q,H) we have that AZ = A if and only if Z, = £® o 7/
for all z € Q for some channels {£®},cq € Ch(H,K), and in particular then T < ZA.
As was pointed out in Remark 2, if AZ = A, then A and Z are compatible. Thus, in
particular the previous postprocessing relation involving only the conditional channels can
be seen as a sufficient condition for compatibility between an instrument and a POVM
while the most general postprocessing relation from Corrolary 3 represents a necessary and
sufficient condition for their compatibility. Alternatively, the above Corollary can be also
interpreted as a characterization of those Liiders instruments, which can be postprocessed
to a given instrument J: these are exactly those Liiders instruments whose induced POVM
is compatible with 7.

Naturally, since channels are one-outcome instruments, we also get a characterization
for compatibility of a POVM A € O(,H) and a channel ® € Ch(H,K): Ao P if and
only if ® < Z”. On the other hand, using just the postprocessing of channels, the authors
in [37] showed that A @ @ if and only if ® < WA, where UA € Ch(#, V) is a particular (class
of) channel(s) called the least disturbing channel of A. We will explore this connection a
bit further.

The least disturbing channel can be expressed by using the Naimark dilations of a
POVM.

Definition 10. For an observable A € O(£2, H) we say that a triple (V, P, J), consisting of
a Hilbert space V, a sharp POVM P € O(£,V) and an isometry J : H — V), is a Naimark
dilation for A if A(x) = J*P(x)J for all x € Q. The dilation is called minimal if the closure
of the span of the vectors {P(x)J¢ |z € Q, ¢ € H} is V.

Now the least disturbing channel ¥ € Ch(H,V) of a POVM A € O(Q,H) related to
some Naimark dilation (V, P, .J) for A is defined as

(o) = Y P(x)JoJ*P(x)
e

The authors in [37] showed that all least disturbing channels of a given POVM related to
some Naimark dilation of that POVM are postprocessing equivalent so that the specific
dilation is not relevant if one is considering postprocessing relations between channels.
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Thus, we have that ® @ A if and only if ® < UA if and only if ® < Z”. One of the
obvious differences in the two previous postprocessing relations is that generally speaking
the output space V of the least disturbing channel is often different (and larger) than
‘H (which is the output space of IA). In particular, the equivalence class of the least
disturbing channels for any Naimark dilation for A has a natural minimal representative
UA related to the minimal Naimark dilation for A. One important feature of ¥ is that
from all least disturbing channels of A, U has the minimal output dimension which equals
> eeqrank(A(x)). It is easy to see that then one can choose V = H if and only if A is
sharp in which case one has A = T, Thus, for a sharp POVM A € O(Q,H) one has
that a channel ® € Ch(H, K) is compatible with A if and only if ® < ®7". Furthermore, in
this case one can actually show (see [44]) that the postprocessing channel ® € Ch(H, K)
which satisfies ® = &' o " is in fact unique and actually ® = ®. As we saw in Section 5
this simply means that ® is compatible with the sharp POVM A if and only if the Liders
instrument " of A does not disturb ®.

As a last note we can show that actually Z* and ¥” are postprocessing equivalent.
Namely, if we define an instrument J € Ins(Q,H,V) as Jz(0) = P(x)JoJ*P(z) for all
r € Qand o € S(H), firstly see that J is clearly postprocessing equivalent with W (as
TA is just a classical postprocessing of J and since Ig'? o UA = 7, for all z € ), and
secondly, since A7 = A and since both 7 and Z” are indecomposable, by the results of
[28, Prop. 9| we must have that also J and TA are postprocessing equivalent. Thus,
this shows that our result Corollary 3 in the case of channels and the result of [37] for
compatibility of channels and POVMs are not only logically equivalent but also the details
of their connection is clear. This also means that we can then see Corollary 3 as a direct
generalization of this result of [37] to instruments.

As the final immediate consequence of Prop. 7 we can look at the case where in Cor.
3 also J is a POVM. Thus, we get the following necessary and sufficient condition for
compatibility of two POV Ms.

Corollary 4. Let A€ O(Q,H). Then a POVM B € O(A,H) is compatible with A if and
only if there exists some POVMs {R®},cq C O(A,H) such that

B(y) = >_ \/A@RW (y)\/A(z) (25)

zeN

for all y € A.

7 Simple classes of compatible instruments

7.1 Measure-and-prepare instruments and channels

An instrument Z € Ins(2, H, K) is said to be measure-and-prepare if there exists a POVM
A € O, H) and a family of states {&;}zcq C S(K) such that Z,(o) = tr [A(z)g] & for
all z € Q. Clearly then AZ = A. The interpretation of measure-and-prepare instruments
is evident: they measure the input state and output a state based on the measurement
outcome. Similarly a channel is said to be measure-and-prepare if it is the induced channel
of a measure-and-prepare instrument. It can be shown that measure-and-prepare chan-
nels are exactly those that are entanglement breaking [45]. Special cases of measure-and-
prepare instruments/channels include the trivial trash-and-prepare instruments/channels
which measure just some trivial POVM whose effects are all proportional to the identity
operator.
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It is known (see e.g. [17, 20]) and it is straightforward to verify that if A € O(Q2, H) and
B € O(A,H) are two POVMs then, A @ B if and only if ®p @ $g for some measure-and-
prepare channels which measure A and B, respectively, and which both prepare some sets of
distinguishable states in some suitable output spaces where enough distinguishable states
are available (which might be different from 7). Thus, the compatibility between POVMs
can always be rephrased as compatibility between some measure-and-prepare channels.
Similar result is known also in the case of compatibility between a channel ® € Ch(H, K)
and a POVM A € O(Q,H) [17, 20]: If P @ A, then ® @ ®p for any measure-and-prepare
channel ®p which measures A. Furthermore, if the states that ®a prepares are distinguish-
able, then ® @ ®p implies that @ A.

For instruments we see that the distinguishability of the prepared states is not needed.
Indeed, for instruments we do not need to extract the measurement outcome by distin-
guishing the prepared states but it is automatically given to us as part of the description
of the instrument. Thus, the compatibility of an instrument Z with a measure-and-prepare
instrument 7 reduces completely to compatibility between Z and the POVM A7

Proposition 8. Let Z € Ins(A, H, K) be an instrument and B € O(A,H) a POVM. Then
T ® B if and only if T ® JB for any measure-and-prepare instrument JB that measures B.

Proof. As we saw previously in Prop. 1, if Z and J are compatible, then Z is compatible
with A7 even if J is not a measure-and-prepare instrument. To see that also the converse
holds when J is a measure-and-prepare instrument, let Z € Ins(Q,H,K) and let J €
Ins(A, H,V) be of the form J,(0) = tr[B(y)o| &, for all y € A and p € S(H) for some
family of states {{,}ycan C S(V). If now Z @ B, so that there exists an instrument R €
Ins(2 x A, H,K) such that 37 -y Rpy) = Lo for all z € Q and AR is a joint POVM
for A and A7 = B, we can define an instrument G € Ins(2 x A,H,K ® V) by setting
Gy = Riay) @& for all z € Q and y € A. Tt follows from the properties of R that G is
a joint instrument of Z and 7. OJ

By using Cor. 3 and Prop. 8 we get the following corollary:

Corollary 5. Let T € Ins(A,H,K) be an instrument, B € O(A,H) a POVM and J® €
Ins(A,H,V) some measure-and-prepare instrument which measures B. Then T o JB if
and only if T < IB.

Let us now consider the case of two measure-and-prepare instruments Z € Ins(Q, H, K)
and J € Ins(A,H,V). This means that there exists POVMs A,B € O(Q2,H) and states
[0 }een © SUC), 1€ hyen € S(V) such that T, (o) = tr[A(z)e] o, and T, (o) = tr [B(y)a] €,
for all z € Q, y € A and p € S(H). As mentioned previously, then AL = A and AY = B,
and both ® and ®7 are measure-and-prepare channels.

The following two results are previously known for measure-and-prepare channels (see

e.g. [20]):
o If AL @ A7, then & @ &Y.

o If 2 @ 7 and the both sets of states {0, }seq and {&,},en are distinguishable
(independently of each other), then A7 @ A7 .

The first result can be easily seen as follows: if AZ @ A7, then there exists a joint POVM
G € O(Q2x A, H) for AT and A7 and we can define a joint channel I' € Ch(H, K ®V) for
and ®7 by setting ['(0) = > ,cq Y yen tr [G(z, y)o] 0o @ &, for all g € S(H). Clearly then
trc [T(0)] = ®7 () and try [['(0)] = ®%(p) for all p € S(H). From this we see that if we
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define G € Ins(2 x A, H,K®@V) by setting G, ) (0) = tr [G(x,y)o] 0. ® &, for all o € S(H),
x € Qand y € A, then Z @ J with G being their joint instrument. Hence, together with
Prop. 1 we conclude the following result:

Proposition 9. Two measure-and-prepare instruments T and J are compatible if and
only if their induced POVMs AT and A7 are compatible.

The previously stated observation shows that for measure-and-prepare instruments the
compatibility of the instruments is purely dictated by the compatibility of the measured
POVMs. The next example shows that the same does not hold for measure-and-prepare
channels, i.e., there exists an incompatible pair of measure-and-prepare instruments whose
induced channels are compatible.

Example 5. We recall another useful representation of quantum channels and opera-
tions the Choi-Jamiolkowski isomorphism [46]. Quantum operation N : L(H) — L(K) is
represented by a positive linear operator J(AN) on L(H ® K) defined as

dim(H)
JNY = Y leleil @ N(lwi){ps)

i,j=1
for some orthonormal basis {gpi}?i:nf(ﬂ) of H. It can be shown that A is completely positive
if and only if J(N) > O. Furthermore, N is trace-preserving, i.e. N is a quantum channel,
if and only if tric [J(N)] = Iy.

The Jordan product of two channels ® € Ch(#,K) and ¥ € Ch(#,V) is defined [20]

as the linear map ® ® ¥ from H to K ® V whose Choi representation is the operator

dim(H)

J@oU) = > (le)lel © ler) () @ 2(ei) (0i]) @ ¥(lew) (@il),
i3,k l=1

where {cpi}?;nf(m is an orthonormal basis of H and A® B := 1(AB + BA) is the standard
Jordan product of operators on H. It can be checked that tri [(® © ¥)(p)] = V(o) and
try [(® © ¥)(0)] = @(p) for all p € S(H). Thus, ® ® VU is a joint channel for ® and VU if
and only if it is completely positive, i.e., if J(® ® V) is positive semi-definite.

Let H = C? and define two dichotomic POVMs X,Z € O({+,—},C?) as X(&) =
3(I+tox) and Z(£) = 3(I+oz), where ox and o are the Pauli-X and Pauli-Z matrices.
It is known that X and Z are incompatible (in fact they are the most incompatible pair
of POVMs on C2). For each a € [0,1], let us consider the states gZ*X = (I £ aox) and
057 = (I £ aoy) in S(C?), and define two measure-and-prepare instruments 7% J¢ €
Ins({+, —},C?) by setting Z¢ (o) = tr [X(%£)o] 0¥ and Jg(0) = tr[Z(+)o] 0 for all
0 € S(C?). Tt can be checked (via semidefinite programming) that J(®X" ® ®7%) > 0
if and only if @ < 1/v/2. Thus, for all a € [0,1/1/2] we have that ®Z ® ®7" but since
A" = X and A7" = Z are incompatible, also Z¢ and J¢ are incompatible.

7.2 Indecomposable instruments

We will show that indecomposable instruments process input quantum states in such a
way that no quantum information can flow to the output of the instruments that are
compatible with them. More precisely, we will use Prop. 7 to show that instruments
compatible with an indecomposable instrument must be a postprocessing of a measure-
and-prepare instrument. First, let us start by finding a dilation for an indecomposable
instrument that we can use:
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Lemma 1. For an indecomposable instrument Z € Ins(Q), H,K) there exists a dilation
(Ha, W,E) such that the complementary instrument T¢ € Ins(Q,H,Ha) is a measure-
and-prepare instrument,

18 (0) = tr [AT(2)0] ) (ol (26)
for all x € Q and o € S(H) for some orthonormal basis {¢z}zcq of Ha.

Proof. Let T € Ins(Q2, H, K) be indecomposable so that there exist Kraus operators { K }zcq
from H to K such that Z,(9) = KyoK} for all z € Q and ¢ € S(H). Then clearly
A(z) = KXK, for all z € Q. Let us fix any orthonormal basis {p, }zeq of Ha := CI
and define W : H — Hy ® K by setting Wv) = > cop. ® Ky for all v € H. It
is straightforward to verify that W*W = Iy so that W is an isometry. Finally, we
define a POVM E € O(Q,Ha) by taking E(z) = |pz)(pz| for all z € Q. One sees
that WoW* = 3./ g l@ar) (0or| @ KpoKy for all o € S(H) so that in particu-
lar trgjo (WoW*(E(z) ® Ix)] = Ky0K} = Z,(0) for all x € Q and ¢ € S(H). Thus,
(Ha, W,E) is a dilation of Z. A direct calculation shows that

¢ (0) = trg K E(z) ® IIC) WoW?* ( E(z) ® I’Cﬂ
= tr [Jox) (pu] ® KooK
= tr [AT(@)e] lx) (2]

for all z € Q and o € S(H). O

By using the above dilation, from Prop. 7 we now see that instruments compatible
with an indecomposable instrument must be a postprocessing of the measure-and-prepare
instrument described above. We get the following Corollary:

Corollary 6. Let T € Ins(Q, H, K) be an indecomposable instrument. Then an instrument
J € Ins(A,H,V) that is compatible with T must be of the form

= tr [raAT(2)e] &y (27)
e

for some family of states {&zy}rcayen C S(V) and some stochastic postprocessing matriz
vi= (Va:y)xeﬂ,yEA-

Proof. From Prop. 7 we see that an instrument J € Ins(A,H,V) is compatible with
an indecomposable instrument Z € Ins(Q, H,K) if and only if J < Z¢, where ZC can
be chosen to be the measure-and-prepare instrument given in Eq. (26) from Lemma 1.

The rest follows similarly to Example 4 in [28]. In particular, there exists {R(®)},cq C
Ins(A, H 4, V) such that

Ty(0) = S RENIC () = D tr [A%(2)0] R (|0) (pal)

€N N

for all y € A and p € S(H). If we denote vy, = tr |:Ry (]g0z><g0z|)} € [0,1] we see

that v = (Vgy)s,y forms a stochastic postprocessing matrix. Furthermore, we can set
Euy 1= Réx)(|gox><gpz\)/ywy if vyy # 0 and &y := £ for some fixed £ € S(V) when v,y = 0.
The claim follows. O
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An important point to note is that A7 (y) = 3, cq vay AT (2) for all y € A so that for
instruments J compatible with Z we must have that A7 is actually a postprocessing of
AT,

As an easy corollary of Prop. 7 and Cor. 6 we present the case when J in Cor. 6 is a
POVM, i.e., an instrument with one-dimensional output space as in Example 4.

Corollary 7. Let Z € Ins(Q,H,K) be an indecomposable instrument. Then a POVM
B € O(A,H) is compatible with T if and only if B < AL.

Proof. As was noted above after Cor. 6, if Z is indecomposable and Z @ J for any instru-
ment 7, then A7 < AZ. On the other hand, if B < AT via some stochastic postprocessing
matrix v = (Vyy)zcoyen, then we can define a joint instrument G € Ins(Q x A, H, K) for
7 and B as G, ) = vayZ, for all z € Q and y € A. O

Thus, an indecomposable instrument can only be compatible with those POVMs that
are below its induced POVM in the postprocessing order.

Lastly we want to see when two indecomposable instruments are compatible. In order
to characterize that we need the following lemma:

Lemma 2. An indecomposable instrument is measure-and-prepare if and only if its induced
POVM is rank-1, i.e., it consists of rank-1 effects. In this case the prepared states are also
pure.

Proof. Let T € Ins(2,H,K) be an indecomposable instrument so that it can be written
as Z,(0) = K,oK for some Kraus operators K, : H — K for all x € Q. Now clearly
Al(x) = K:K, for all x € Q. Let first AT be rank-1. In general it is known (see [27])
that instruments with a rank-1 induced POV Ms are measure-and-prepare instruments and
since 7 is indecomposable, the prepared states must be pure states.

On the other hand, let now Z be measure-and-prepare. Thus, we must have that there
exists a family of states {;}zeq C S(K) such that Z,(p) = KyoK} = tr [K}K,p| &, for
all z € Q and ¢ € S(H). This implies that the range of K, is Ci,, that is, Ky = |{g) (0]
for some vector 1, € H for all z € Q. Now AL (2) = KX K, = |[¢2|?1n2) (02| for all z € Q
so that AT is rank-1. O

By using the above lemma, together with Cor. 6 we can show that two indecomposable
instruments are compatible only when the induced POV Ms are essentially the same rank-1
POVM in which case the instruments must actually be measure-and-prepare instruments.

Proposition 10. Two indecomposable instruments are compatible if and only if their
induced POVMs are postprocessing equivalent rank-1 POVMs. Furthermore, in this case
both of the instruments are measure-and-prepare instruments which prepare pure states.

Proof. Let T € Ins(Q2,H,K) and J € Ins(A,H,V) be two indecomposable instruments.
Let first AZ and A7 be postprocessing equivalent rank-1 POVMs. From Lemma 2 we
see that 7 and J are measure-and-prepare instruments. Moreover, the induced POVMs
AT and A7 are compatible since they are postprocessing equivalent. Thus, by Prop. 9
instruments 7 and J are compatible.

On the other hand, let now Z and J be compatible. From Cor. 6 we have that J
must be of the form given by Eq. (27). Given the details of the proof of Cor. 6, from the
indecomposability of J it follows that &,y = &,y =: §, for all z,2’ € Q and y € A so that
J is a measure-and-prepare instrument explicitly given as

€

Jylo) = tr [Z Vey AT (:v)g} &y (28)
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for all y € A and ¢ € S(H). Furthermore, the indecomposability of J also implies that
the prepared states {{,},ca must be rank-1, i.e., pure states, and that the measured
POVM A7 must also be rank-1 (as otherwise one could decompose the operations Jy into
a nontrivial sum of other operations). As noted before, A7 is a postprocessing of AZ, and
since rank-1 POVMs are postprocessing maximal (or postprocessing clean) [47], meaning
that all POVMs which can be used to postprocess a postprocessing maximal POVM from
are postprocessing equivalent with the maximal POVM. It follows that actually A7 must
be postprocessing equivalent with AZ, i.e., AL < A7 and A7 < AZ. We note that two
POVMs are postprocessing equivalent if and only if all of the effects of one of them are
proportional to the effects of the other one (see e.g. [28]). Thus, it follows that the
postprocessing equivalence class of any rank-1 POVM only contains rank-1 POVMs so
that in particular AT must also be rank-1. From Lemma 2 it then follows that Z must be a
measure-and-prepare instrument, which prepares only pure state and the claim follows. [

8 Conclusions

Here we would like to sketch two directions in which we hope our results could be extended
further. Let us first return to channel compatibility. Joint channel for a pair of compatible
channels can be seen as an object, which redistributes quantum information from its input
into its two outputs and possibly also erases part of it. Complementary channel to a given
channel can be thus understood as a specification of that part of quantum information,
which can be retained, while creating the given channel. Similar view can be adopted also
for POVMs. Namely, any joint POVM for a pair of compatible POVMs can be realized as a
channel that distributes quantum state on the input into bipartite quantum system, whose
parts are measured by a pair of independent measurements, each of them determining one
of the outcomes of the joint POVM.

Finally, from the proof of Proposition 7 one can conclude that also for compatible
instruments there always exists such a realization of the joint instrument, where first step
is a quantum channel distributing quantum information into two-partite output followed
by individual instruments each producing one of the outcomes of the joint instrument.
From this point of view compatibility is an interplay of what features of quantum states
can be simultaneously distributed (broadcasted) to the multiple outputs. We remind that
such distributing quantum channel might be partly (or even fully) a measure-and-prepare
channel, which means that some "measured" features can be distributed simultaneously
to all outputs. Morever, several distributing channels might lead to the realization of
the same joint device. This is why it seems more practical than the above approach to
characterize pairwise compatibility using complementary instruments, which we introduced
in this manuscript.

For a quantum channel its complementary instrument coincides with the notion of
complementary channel. For a POVM one of the complementary instruments is the Liiders
instrument defined by the same POVM. Our Proposition 7 claims that if we want to find all
devices that are compatible with a fixed device (POVM, channel, instrument) it suffice to
characterize all devices resulting from the (instrument) postprocessing of its complementary
quantum instrument. We believe that this approach can bring more intuitive understanding
even into the compatibility of two POVMs. More precise statement in this direction is
presented in our Corollary 4 and it essentially states that each element of a compatible
POVM is a sum of (positive-semidefinite) pieces into which, the original POVM elements
were chopped. While the above statement can be easily inferred directly from the definition
of the joint measurement, Corollary 4 gives one particular way of measuring the compatible
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POVMs in a sequential way by using the same Hilbert space unlike in the case of using
the least disturbing channel as in [37].

Second direction in which it might be interesting to investigate incompatibility of in-
struments is how to turn such incompatibility into a resource. Thus, one would look for
some problem or suitably chosen optimization task in which a given pair of incompatible
instruments would perform strictly better than any compatible pair. This has been already
considered in the general case of channels with mixed quantum-classical outputs in [21]
where it is shown that incompatibility gives a certain advantage in particular quantum
state discrimination tasks. We believe that considering the same problem in the quantum
instrument formulation could bring further intuition in identifying such tasks where an
advantage emerges.
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