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Self-consistency of the two-point energy measurement protocol

M. Hamed Mohammady
RCQI, Institute of Physics, Slovak Academy of Sciences, Diibravskd cesta 9, Bratislava 84511, Slovakia

® (Received 18 December 2020; revised 11 February 2021; accepted 19 March 2021; published 16 April 2021)

A thermally isolated quantum system undergoes unitary evolution by interacting with an external work source.
The two-point energy measurement (TPM) protocol defines the work exchanged between the system and the
work source by performing ideal energy measurements on the system before and after the unitary evolution.
However, the ideal energy measurements used in the TPM protocol ultimately result from a unitary coupling
with a measurement apparatus, which requires an interaction with an external work source. For the TPM protocol
to be self-consistent, we must be able to perform the TPM protocol on the compound of the system plus the
apparatus, thus revealing the total work distribution, such that when ignoring the apparatus degrees of freedom,
we recover the original TPM work distribution for the system of interest. In the present paper, we show that such
self-consistency is satisfied as long as the apparatus is initially prepared in an energy eigenstate. Moreover, we
demonstrate that if the apparatus Hamiltonian is equivalent to the “pointer observable,” then (i) the total work
distribution will satisfy the “unmeasured” first law of thermodynamics for all system states and system-only
unitary processes, and (ii) the total work distribution will be identical to the system-only work distribution for all
system states and system-only unitary processes if and only if the unmeasured work due to the unitary coupling

between the system and apparatus is zero for all system states.

DOI: 10.1103/PhysRevA.103.042214

I. INTRODUCTION

The definition of work for quantum systems is one of
the most contentious issues in quantum thermodynamics and
continues to be a subject of heated debate [1-12]. The paradig-
matic scenario is the work done on a thermally isolated
system: a system which is only mechanically manipulated,
by means of inducing time dependence on its Hamiltonian,
and thus evolves unitarily. Such mechanical manipulation re-
sults from an interaction with an external work source and is
hence generally accompanied by an exchange of work. In the
limiting case where the system starts and ends in a classical
mixture of energy eigenstates, in any given realization the
work done on the system is well defined and is the difference
in energy eigenvalues. By performing ideal energy measure-
ments before and after the unitary evolution, one can therefore
observe which particular value of work is obtained in any
given realization without disturbing the system. Furthermore,
the average work done, given by the observed probability
distribution over work, will be equivalent to the difference
in average energies evaluated before and after the unitary
evolution; the “unmeasured” first law of thermodynamics is
satisfied. The two-point energy measurement (TPM) protocol
extends this procedure for determining the work distribu-
tion, namely, performing ideal energy measurements before
and after the unitary evolution, to general unitary processes
and general states [13,14]. However, in general, if the initial
state does not commute with the Hamiltonian, the unmea-
sured first law will be violated; the average work obtained
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by the TPM protocol will not coincide with the difference
in average energies. Indeed, as shown in Ref. [15], no mea-
surement procedure exists which simultaneously recovers the
work distribution for systems in a classical mixture of energy
eigenstates and recovers the average work as the unmeasured
work for all states and unitary processes.

That the TPM protocol cannot always satisfy the unmea-
sured first law ultimately rests on one of the central maxims
of quantum measurement theory: no information without dis-
turbance [16]. To be sure, ideal measurements are the least
disturbing measurements available [17,18], but only insofar
as there are some states that are undisturbed by such measure-
ments. This perceived failure of the TPM definition has led to
alternative formulations of work, such as defining work as the
unmeasured work simpliciter [19-21], and the Margenau-Hill
method and related approaches using quasiprobability distri-
butions [22-26].

Of course, there is another issue raised by the TPM proto-
col or, indeed, any method which uses measurement as part of
the definition for work: can such a method be self-consistent?
The ideal energy measurements used in the TPM protocol
must ultimately result from a physical interaction between the
system and a measurement apparatus. The quantum theory of
measurement allows for the measurement of any observable
to be physically modeled as a normal measurement scheme,
which involves a unitary interaction between the system and
a measurement apparatus which is initially prepared in a
fixed pure state—a condition which is possible to satisfy in
principle, thermodynamic limitations on preparing pure states
notwithstanding [27-30]—followed by measurement of the
apparatus by a sharp pointer observable [31]. Normal mea-
surement schemes have been used to “indirectly” measure
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work [5,32]. Of course, such unitary interactions between the
system and apparatus themselves result from mechanically
manipulating this compound system and hence are generally
accompanied by an exchange of work with an external work
source. If the TPM definition of work is valid for the system
of interest, it stands to reason that it is valid for the compound
of the system plus the apparatus; by performing ideal energy
measurements on both the system and apparatus before and
after the total unitary evolution of the compound system,
we thus obtain the total work distribution. We shall say that
a given measurement scheme for the TPM protocol is self-
consistent if the marginal work distribution for the system,
obtained when ignoring the apparatus degrees of freedom, is
identical to the original system-only TPM work distribution
for all system states and system-only unitary processes. This
idea is inspired by the theory of quantum incompatibility, in
which two observables are said to be compatible if there exists
a third observable, the marginals of which recover the original
observables in question [33]. In the present paper, we show
that such self-consistency is always achieved if the apparatus
is initially prepared in an energy eigenstate.

Interestingly, if we further restrict the measurement scheme
such that the apparatus Hamiltonian is equivalent to the
pointer observable used to measure the apparatus, then the
total work distribution will always satisfy the unmeasured
first law; the average total work will be the difference in
average energy given the total unitary evolution for all system
states and system-only unitary processes (i.e., excluding the
apparatus state and the unitary interaction between the system
and apparatus, which are fixed by the chosen measurement
scheme). This is a consequence of the strong repeatability
of ideal energy measurements [18], which implies that given
the unitary interaction between the system and apparatus,
followed by measurement of the apparatus by the pointer
observable, “directly” performing an ideal energy measure-
ment on the system is superfluous. Of course, this statement
should not be taken as a refutation of Ref. [15] since the
initial state of the apparatus is always fixed and commutes
with the Hamiltonian by construction. But this observation
does illustrate that it is possible for the TPM work distribution
to satisfy the unmeasured first law for a large class of initial
states that do not commute with the Hamiltonian.

Finally, in the case where the apparatus is initially prepared
in an energy eigenstate and the apparatus Hamiltonian is
equivalent to the pointer observable, we show that the total
work distribution will be identical to the system-only work
distribution for all system states and system-only unitary pro-
cesses if and only if the subspace of the apparatus which is
involved in the measurement process corresponds to a single
degenerate subspace of the apparatus Hamiltonian. This con-
dition is further shown to be equivalent to the statement that
the unmeasured work, due to the unitary interaction between
the system and apparatus, vanishes for all system states.

II. TPM PROTOCOL

We consider systems with a separable Hilbert space H,
with L£(H) being the algebra of bounded operators on 7,
T(H) € L(H) being the space of trace-class operators, and
S(H) C T (H) being the space of positive unit-trace operators

(states). Moreover, we shall assume that the system is ther-
mally isolated, with a bounded, time-dependent Hamiltonian
H(t) = H + H(t). Here, H is the system’s “bare” Hamilto-
nian, describing it when it is fully isolated, i.e., isolated both
thermally and mechanically. We assume this Hamiltonian has
a discrete spectrum and may thus write it as

H = Zeum. (D

Here, €, are energy eigenvalues, and P,, > O are the corre-
sponding spectral projections such that P, P, = &, ,P, and
> . Pn = 1. By the spectral theorem, the bare Hamiltonian
H is associated with a discrete, sharp observable P := {P,},
where m are the measurement outcomes which, given a
state preparation p € S(H), are observed with the probability
tr[Pnp] [34].

The time dependence of H(¢) is entirely due to the term
H;(t), which results from mechanically coupling the sys-
tem with an external work source. If we assume that the
system is coupled with the work source only for times ¢ €
(to, t1), such that H;(t) = O for all + <1ty and ¢t > 1, then
the system’s time evolution due to its interaction with the
work source will be described by the unitary operator V :=

<YTexp[—i f;‘ dt H(t)], where we note that throughout this
paper we use i = 1 [23]. Given an initial state preparation
0, the unmeasured work is thus

W :=u[(VIHV — H)p]. )

The TPM protocol for revealing the distribution of work
due to the interaction between the system and the work source
is given by the following sequence of operations:

(i) At time t = fy, perform an ideal measurement of the
bare Hamiltonian of the system, which is initially in an arbi-
trary state p. Given that outcome m is observed, the system
will be prepared in the (unnormalized) state

P,oP,,. 3)

(i1) Between times 7y and ¢, let the system evolve unitarily,
given its interaction with the external work source. The system
will thus be prepared in the (unnormalized) state

VP,.pP,V". 4)

(iii) At time ¢ = t;, perform an ideal measurement of the
bare Hamiltonian on the system. Given that outcome n is
observed, the system will be prepared in the (unnormalized)
State

P,V P,pP,V'P,. )

The sequence of energy measurement outcomes x :=
(m, n) thus corresponds to the work done w(x) := €, — €,
and its probability is given by Born’s rule as the trace of the
final unnormalized state equation (5), which reads

ph(x) =[P,V P,VP,pl. (6)

Therefore, the probability distribution for the work done w
given the initial state p and unitary operator V is

ph(w) =Y 8w — wx)lp) (), (7)
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where §(a — b) = 1 if a = b and is zero otherwise. The aver-
age work can thus be computed to be

(w)y =Y prwmw =Y plw(x)

= r{[Z5,(V'HV) — H]p}
= u[(VIHV — H)I5,(p)]. (@)

where I/LV((~) =Y, Pn(-)P, is the Liiders channel for the
bare Hamiltonian H. Given that for any A € L(H), Z},(A) =
A if and only if [H,A] = O [35], it follows that (w)g =
tr[(VIHV — H)p] for all V (for all p) only if [H, p] = O
([H, VIHV] = O). In other words, the unmeasured first law
(2) cannot be satisfied for all states and all unitary processes.

A. Introducing the measurement apparatus in the TPM protocol

As shown above, the TPM protocol relies on performing
ideal energy measurements on the system of interest both
before and after the unitary evolution V. Such measurements
are physically realized by an appropriate interaction between
the system of interest and a measurement apparatus. The
quantum theory of measurement allows all measurements on
the system of interest to be modeled as a normal measurement
scheme [31,36]. Here, the system of interest first interacts with
a quantum “probe” of a measurement apparatus, initially pre-
pared in a fixed pure state, by an appropriate unitary operator.
Subsequently, the probe is measured by an appropriate pointer
observable, and the measurement outcome observed indicates
that the corresponding outcome has been observed for the
desired system observable.

Since two energy measurements are performed on the sys-
tem during the TPM protocol, we can generally consider the
apparatus to be composed of two probes, with one interacting
with the system at time ¢ = #y and the other at time t = 1.
As such, for the ideal energy measurement performed at time
t;, we may mathematically describe the normal measurement
scheme by the tuple (Hg), |EDY, UWD, ZD), where ’HEA{) is
the Hilbert space for the probe used, which is initially pre-
pared in the pure state |£); Z0) := {Z\/} is a sharp pointer
observable, which has the same outcomes as the system ob-
servable P := {P,,}; and U/ is a joint unitary operator on the
compound Hilbert space H ® ’Hy‘). This normal measurement
scheme will realize an ideal measurement of the bare Hamil-
tonian on the system of interest if, for all T € T (#) and m,
we have

o {(L @ ZP)UT @ PEVDUYT) = Py TP, (9)
where P[] = 1) (] is a projection on the unit vector
|ED)) € ’Hi{) and try, : TH® ’Hff‘)) — T (H) is the partial

trace over the probe [37,38]. It is simple to verify that in order
for the unitary U to satisfy Eq. (9), it must satisfy

UP(y) @ 1EVN) =D "Puly) @ [o)  (10)

for all |1) € H, where |¢,(,{ )) are eigenvalue-1 eigenstates of
the projection operators Z,,({), ie., Z,(,/)|¢,(,{)) = Sm,,l|¢,(,{)) [39].
The TPM protocol can now be performed as follows:

(i) Attime ¢ = 1y, bring the system, initially prepared in an
arbitrary state p, in contact with probe ”Hg‘)). The state of the
compound system is thus p ® P[£?]. Subsequently, let the
system interact with the probe by the unitary operator U®,
which prepares the state

U ® PIEOHU
=Y PupPu & |91 |. (11

Finally, perform a measurement of the probe by the pointer
observable Z© . Given that outcome m is observed, the system
will be prepared in the (unnormalized) state

PupPy. 12)

(ii) Between times fy and 71, let the system evolve unitarily,
given its interaction with the external work source. The system
will thus be prepared in the (unnormalized) state

VP,pP,V". (13)

(iii) At time ¢ = ¢, bring the system in contact with probe
HS). The (unnormalized) state of the compound system is
thus VP, pP, V' ® P[£(1]. Subsequently, let the system inter-
act with the probe by the unitary operator U "), which prepares
the (unnormalized) state

UWP,pp, V" @ PIEVHUDT

=Y PVP.oPV Py @ |8

nn

(14)

Finally, perform a measurement of the probe by the pointer
observable Z". Given that outcome n is observed, the system
will be prepared in the (unnormalized) state

P,VP,pP,V'P,. (15)

It is evident that the measurement scheme described above
is identical to the original TPM protocol involving direct
measurements on the system.

III. CONSISTENTLY APPLYING THE TPM PROTOCOL
TO BOTH THE SYSTEM AND APPARATUS

The measurement scheme introduced in Sec. II A does not
make any assumptions regarding the Hamiltonian of the appa-
ratus probes or the time it takes for the unitary operators U
to be generated; indeed, they were assumed to be implemented
instantaneously. However, for the unitary operator U on
H® ’HE"‘) to be physical, it must also result from mechanically
manipulating the Hamiltonian of this composite system and
thus requires an interaction with an external work source for
a finite duration [40]. Let us therefore write the total time-
dependent Hamiltonian as Hy () = Hiot + H;(t) + Hi(n(i)(t) +
Hi(nl[)(t)7 where Hy, = H + Hff) + Hﬂ) is the additive, total
bare Hamiltonian of the system plus apparatus and H;(¢) is
the system-only interaction Hamiltonian introduced in Sec. II.
We shall denote the bare Hamiltonian of each probe in the

spectral form as

HY =209, (16)

m
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where Afj) are energy eigenvalues and fo) are the spectral
projections. The interaction Hamiltonian for the composite
system H QHY, due to coupling with an external work
source, is denoted Hl(n’l)(t). Moreover, ngn)(t) =0 forallt <
t) and t > to, and similarly, ngt)(t) =0 for all t <1 and
t > t{,wheret) <ty <t < t;.In other words, the interaction
Hamiltonian Hi(rg)(t) is nonvanishing only for a finite duration
before the system undergoes its isolated unitary evolution V,
and similarly, H. mt D(r)is nonvanishing only for a finite duration
after the system undergoes its isolated unitary evolution V.
Therefore, by choosing the interaction Hamiltonians Hl(n’t)(t)
appropriately so that

= ° O 4 g© 0
T exp (—i/ di[H +HY + Hy, (t)]) =U"Y,
p,

0

= f 1 1

T exp <—i/ dt[H+H + ngg(t)]) =u®, a7
1

the total unitary operator which describes the compound sys-
tem’s evolution during the extended period ¢ € (z), t;) will be

/

i
Viot = (Fexp (—i/ dt Hmt(l‘))
%

_ U(”(V ® e—ieoﬂ‘j{’ ® e—iOIH;{))U(O)
= ¢ HL Dy O =it HY (18)
: j) .
Here, e %1 | where 6 = 1] —to and 6, = 1; — 1}, describes
the contribution to the total unitary evolution from the bare
Hamiltonian of probe HY ), i.e., for the time period where

the interaction Hamiltonian ng’t)(t) vanishes. Note that the

final line of Eq. (18) is obtained because the unitary operators
e~H2 and e~ ®H4Y commute with UD and U®©, respec-
tively, since they act on different Hilbert spaces. Given an
initial state preparation p € S(#), the total unmeasured work
will thus read

Wiot = tr{(VilHiot Vi — Hiot)p ® PIE]}, 19)

where |§) |S(O)) ® |£M) is the initial state of the apparatus
Ha = ”H Q@ HY, composed of both probes.

N ow We may perform the TPM protocol on the total com-
pound system to determine the total work distribution given
the total unitary operator in Eq. (18). For this to be consistent
with the original TPM protocol on the system alone, however,
we require that when averaging out the energy measurements
performed on the apparatus, we must obtain the probability
distribution given in Eq. (6) for all system states p € S(H)
and system-only unitary operators V. In order for this con-
dition to be satisfied, we demand that |£)) be an eigenstate
of the probe Hamiltonian HfL{) with eigenvalue AB’ ). This con-
straint will ensure that the initial ideal energy measurement of
the apparatus will not disturb it, so that the unitary interaction
between the system and apparatus by the unitary operators
U will result in the same state transformation as discussed
in Sec. IT A.

Let us first note that, given the assumption that the appa-
ratus is initially prepared in an energy eigenstate and using

Egs. (10) and (18), we can show that for all |) € ‘H

V(1) ® 1))
=N PVRIY) @ e 6 0) @ [gl)).

m,n

(20)

Here, we have used the fact that |£1) is an energy eigen-
state with eigenvalue kél) to infer that the component of Vi
given by e~H4" induces only a constant phase factor e~ 1%’
which is not physically observable. Using Eq. (20), we may
now examine the extended TPM protocol, which will be as
follows:

(i) Attime ¢ = ¢, perform an ideal energy measurement on
the compound system H ® H 4, initially prepared in the state
o ® P[&]. Since the probes 7—[(’ ) are initially prepared in an
energy eigenstate with energy eigenvalue kf)j ), only outcomes
(m, 0, 0) are observed with nonzero probability, which result
in the compound system being prepared in the (unnormalized)
state

PP, ® 0PI @100 ® 0 P[0
= P.pP, ® P[P ® P[], 1)

(ii) Between time #; and #{, let the compound system evolve
according to the total unitary operator Vo defined in Egs. (18)
and (20). This prepares the (unnormalized) state

Viot(PuoPr ® PIEQT ® PIEVV,
= > PVP.pPVIE @ B[0P @ [p)8].  22)

nn

where P[] := e~ 0H p[g(D]eihHL
m ° m °
(iii) At time ¢t =¢{, perform an ideal energy measure-
ment on the compound system H ® H 4. Given the outcomes
(n, u, v), this prepares the (unnormalized) state

® 0"P[p V)0, (23)

The full sequence of measurement outcomes is thus
X :=(x, (0, u), (0,v)), where x := (m, n) is the sequence
of outcomes for the system, while (0, ,u) and (0, v) are the
sequences of outcomes for probes HO s and H A), respec-
tively. The sequence X corres onds to the total work done
WX) = wx) + w () + wl (v), where w(x) == €, — €y
is the contribution to the total work from the system, while

(])(M) = - Af)j) is the contribution to the total work

from probe ’Hf{l). The probability of observing sequence X,
meanwhile, is given by the trace of the final unnormalized
state Eq. (23), which is

P,VP,pP,V'P, ® QP[]0

Pl X) = pl ) (QOP[g0]) (0 P[o"]). (24

where we recall that pv (x) is defined in Eq. (6). Note that here,
we have used the fact that Q' is a spectral projection of H ©
to infer that tr(Q'Y P[¢\']) = tr(QLO)e”GoHA P[¢,§?)]e’9°HA ) =

tr(QVP[pO]).

042214-4



SELF-CONSISTENCY OF THE TWO-POINT ENERGY ...

PHYSICAL REVIEW A 103, 042214 (2021)

Given that °, Q') = 3" OV =1, the marginal proba-
bility distribution for the system-only work will read

Z Py = pyou(P[e e (P[of"]) = py (). (25)

so the extended TPM protocol on the compound of the system
plus the apparatus is self-consistent.

A. Satisfying the unmeasured first law for the total work

Since the apparatus is initially prepared in an energy eigen-
state, the average total work for the total unitary process
discussed in the previous section clearly satisfies

W)y = Z PR XOW)

= tr{(V,) HiotViot — Ho)Z5,(p) ® PIE]}.  (26)

To see this result, simply compare with Eq. (8). As before,
if p does not commute with the Hamiltonian H, the total
work is not guaranteed to satisfy the unmeasured first law;
that is, it is possible for some p and V to have Eq. (26) differ
from Eq. (19) (note that both the apparatus state |§) and the
contribution to Vi; from the system-apparatus coupling, i.e.,
the unitaries U, are always fixed). However, as we shall
show below, if, additionally, the probe Hamiltonians HX) are
equivalent to the pointer observables Z), i.e., if we have

H(J) Z)‘mz(j)’ 27)

the unmeasured first law is guaranteed to be satisfied for the
total work.

Let us reexamine the TPM protocol on the compound of
the system plus the apparatus once more in detail, this time
assuming that Eq. (27) holds:

(i) At time ¢ = ¢/ perform an ideal energy measurement
on the compound system H ® H 4, initially prepared in state
p ® P[£]. As before, we assume that |£))) are energy eigen-
states with eigenvalues AU ), and hence, only the outcomes
(m, 0, 0) are observed with nonzero probability, resulting in
the compound system being prepared in the (unnormalized)
state

PupP, ® 2" P12 ®
= P,pP, ® P[t V] ® P[g"]. (28)

Zél)P[E(l)]Zél)

(ii) Between times f;, and #{, let the compound system
evolve according to the total unitary operator Vi, defined in
Egs. (18) and (20). This prepares the (unnormalized) state

Viot (P pP ® PIE® T ® PIECV,
=Y PVPupP,VPy @ PI$V1® [6") (p1 ] (29)

n,n'

Note that since |¢p?) are eigenvalue-1 eigenstates of the
projection operators Z{”, which clearly commute with the
. . . () ) 77(0)
Hamiltonian, it follows that e %" P[¢§£)]e"’0HA = P[d)fy?)].
(iii) At time ¢ =¢{, perform an ideal energy measure-
ment on the compound system H @ H 4. Given outcomes

(n, ', n”), this prepares the (unnormalized) state
P.VP,oP, V' P, ® Z0P[¢p]Z0 ® 2\ P[pM]Z0)
= Sm,n’(sn,n”PnVPmmeVTPn & P[¢(O)] & P[(p(l)]v (30)

where the final line follows from the fact that Z\|¢\) =
Sl did)-

Equation (30) implies that the only sequences of energy
measurement outcomes that are observed with nonzero prob-
ability are X := (x, (0, m), (0, n)), where we recall that x :=
(m, n). In other words, the energy transitions of the apparatus
fully determine the energy transitions of the system and vice
versa. As such, let us remove some of the redundancy and
write X := ((0, 0), x), where (0,0) denotes the energy mea-
surement outcomes of the apparatus at time ¢; and x = (m, n)
denotes both the energy measurement outcomes of the ap-
paratus at time f{ and the sequence of energy measurement
outcomes of the system at times t(;, tl’. The total work done
given the sequence X is thus W(X) := w(x) + wg)(m) +

w (n), where w') (m) := A" — 1§, with the probability

Pl (X) = p (x). 31)

Note that this is equivalent to Eq. (24) when we replace Qf{ )
with Z’, which gives tr(Z% P[¢’]) = 1

As shown in Appendix A, the average total work will now
read

W) = Z POV X)

= tr{(Vh HiotVio — Hiot)(p ® PIED)}  (32)

for all p € S(H) and V. As such, comparing (32) with
Eq. (19), we see that as long as the apparatus is initially
prepared in an energy eigenstate and Eq. (27) is satisfied,
then not only will the TPM protocol for the total work be
self-consistent, but the total work will always satisfy the un-
measured first law, even for initial system states p that do not
commute with the Hamiltonian. As a final observation, note
that Eq. (26) must be equivalent to Eq. (32) when Eq. (27) is
satisfied. Consequently, in such a case the following equality
holds:

tr{( thtotVlot — Ho)(p ® PIE])}

= tr[(V HioVir — Ho){Z54(p) ® PIE]}] (33)

for all p € S(H) and V. This equality is a consequence of
the strong repeatability of ideal energy measurements [18],
which implies that directly performing ideal energy measure-
ments on the system is redundant; the structure of the unitary
operators U/, together with the fact that we measure the
probes by the pointer observables ZU’, ensures that the system
automatically undergoes an ideal energy measurement.

B. Necessary and sufficient conditions for the total work
distribution to be equal to the system-only work distribution

If the apparatus is initially prepared in an energy eigenstate
and the apparatus probe Hamiltonians are equivalent to the
pointer observable, the probability distribution for the total
work W, given an initial total state p ® P[£] and total unitary
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operator Vi, is

PR V) =Y 8IW = WX)]pleL(X)
X
= W — [w@) +wa@lip, (), (34

where we have used Eq. (31), together with the definition
wa(x) == wP (m) +wl ().

It is simple to see that, in general, the total work proba-
bility distribution (34) is different from the system-only work
probability distribution (7). In order for these distributions to
be the same, for all system states p and system-only unitary
operators V, we must have w4(x) =0 for all x such that
p‘; (x) > 0 for some p and V. This ensures that for all p and
v,

Y 8lw — w@)p) ) =Y 8w —WE)Ip) ). (39)

Recall that w%)(m) = /\,(,{ ) Agj ), where A(()j ) is a fixed
energy eigenvalue, and that p‘; (x) = tr[PmVTPnVPmp]. Con-
sequently, the condition w 4 (x) = O for all x such that p‘; x) >

0 for some p and V is equivalent to the condition AP = A(()j )
for all m such that P, > O, i.e., if only a single degenerate
energy subspace of the probe is involved during the measure-
ment process. Interestingly, we shall see that this condition is
equivalent to the statement that the unmeasured work given
the unitary operator U/ vanishes for all system states.

The unmeasured work, given the measurement unitary cou-

pling between the system and probe Hi{), is given as

WD = uw{(UTHLUD — H)p @ PIEDY), (36)

meas tot

where we define Hé){) =H+ HX) as the additive Hamilto-
nian of the composite system H ® ”H,Ei). This can equivalently
be written as

Wi, = ol (U HLUY ~HD)) o)
where [z 1 L(H ®’Hi{)) — L(H) is the restriction map
for [£1), defined by the identity tr[[z»)(B)T] = tr{B(T ®
P[EV)) for all Be LOH@HY) and T € T(H) [41]. Re-
calling that the unitary operator U ) always satisfies Eq. (10),
we thus have

Teo(UHRUD — HY) =" w m)P,. (38)
m

For a detailed proof, refer to Appendix B. The right-hand
side of Eq. (38) vanishes if for each m, either P, = O or
w;{)(m) = 0. Consequently, wff (m) = 0 for all m such that
P, > O is necessary and sufficient for the left-hand side of
Eg. (38) to vanish. But by Eq. (37) this implies that W,{{ = 0
for all p € S(H); given that the apparatus is in the state |£)),
then irrespective of what state the system is prepared in, the
unmeasured work given the unitary operator U will vanish.
We refer to this as U ) satisfying “weak” energy conservation,
which is a weaker condition than full energy conservation, i.e.,
[H, UD] = O, which implies that W,k = 0 for all choices
of the apparatus state |£(/)).

We note that while a fully degenerate probe Hamilto-
nian, Hfé{) = )»f)j 1, or a fully energy conserving unitary,
[Htg), UYW] = 0, is a sufficient condition for the total work
distribution (34) to equal the system-only work distribution
(7), they are not necessary.

To illustrate the first point, consider the system Hamil-
tonian H = €;P; + 2P, where P;, P, > O. However, this
is equivalent to H = €; P, + €;P, + €3P3, such that P; = O.
Therefore, the ideal measurement of H can be realized by the
normal measurement scheme (H 4, |§), U, Z), with the three-
valued pointer observable Z := {Z,, Z,, Z3}, Z,, > O, and the
unitary operator U, which satisfies

3
UY) ®1E) =) Pultr) ® I¢hm) (39)

m=1

for all |¢) € ‘H, where |¢,,) are eigenvalue-1 eigenstates of
Z,,. Note that the term for m = 3 vanishes since P3|y) =
Olyr) =0 for all |y); the apparatus is never taken to state
|¢3). Let the apparatus have the Hamiltonian H4 = A(Z; +
7Zy) + M Z3, where A # A/, so that H 4 is not fully degenerate.
Such non-degeneracy notwithstanding, if |£) is in the support
of Z, + Z,, we still have w4(m) =0 for m =1, 2, i.e., for
all m corresponding to P, > O. As stated previously, it is
only necessary that a single degenerate energy subspace of
the apparatus be “involved” during the measurement process;
for all measurement outcomes that are observed, the state of
the apparatus starts and ends in the support of Z; + Z;.

To illustrate that full energy conservation by the unitary
is also not necessary, we consider the simple case where
H ~ C?, with orthonormal basis {|0), |1)} and Hamiltonian
H = €|1)(1], € > 0. A normal measurement scheme for an
ideal measurement of H can be given as (H.4, |0),U, Z),
where H 4 ~ C?, Z := {|0)(0], |1)(1]}, and

) m, 0) > |m, m),
v {|m,1> > | @, 1,m), “0)

where m = 0,1 and @, denotes addition modulo 2. Note
that only the transformation |m, Q) — |m,m) is ever uti-
lized since the apparatus is initially prepared in state
|0). If the apparatus Hamiltonian is fully degenerate,
H, 4 = A1, then U will satisfy weak energy conservation;
given Hic = H + H4, for any |¢) = «|0) + B|1), we have
(V. OlUHioU ¥, 0) = | BI*€ + % = (¥, O|Hie [, 0). How-
ever, [U,Hy]# O since U|l,1)=]0,1), and hence,
(1L,L1WUTHGU|1,1) = A % (1, 1|Hg|1, 1) = € + A.

IV. CONCLUSIONS

A definition for work which relies on measurements is
self-consistent if it can account for the contribution to work
by the measurement process itself, at least in principle. More
precisely, for self-consistency we demand that the marginal
of the total work distribution for the system and measure-
ment apparatus, obtained by ignoring the apparatus degrees
of freedom, recover the original work distribution for the
system alone. In the case of the two-point energy measure-
ment protocol, we have shown that this is possible as long
as the measurement apparatus is initially prepared in an en-
ergy eigenstate. Furthermore, if the apparatus Hamiltonian is
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chosen to be equivalent to the pointer observable, then the
total work distribution will always satisfy the unmeasured first
law; the average total work will equal the change in average
energy given the total unitary evolution. This is a consequence
of the strong repeatability of ideal energy measurements,
which implies that directly performing energy measurements
on the system is redundant. Finally, we have shown that the to-
tal work distribution will be identical to the system-only work
distribution if and only if the unmeasured work, given the uni-
tary interaction between system and apparatus, vanishes for all

J

system states. Extending the present framework of analysis to
other definitions of work remains an open question for further
research.
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APPENDIX A: PROOF OF EQUATION (32)

Let us introduce the operation (completely positive and trace nonincreasing map) Jy: T(HQ® Ha) = T(H Q H ),
defined as

Tox() 1= (1 ® ZWir(1 ® Zo)( (1L ® Zo Wi (1 ® Z,). (A1)

Here, x := (m, n), and x’ := (m', '), so that Z, :== ZV @ Z(V, and Z,, := Zn(g) ® Z,(I,l), and Vo is defined in Eq. (18). First, let
us show that the state transformation given the TPM protocol can be fully described by the operation 7, .. Denoting (0, 0) = 0,
we find that for any 7 € T (H), P[£] := P[£©] ® P[], and x,

Jox(T @ PIE]) = (1 ® Z)WVin(1 ® Zo)(T ® PIENA & Zo)V,', (1 ® Zy)
= (1 ® Z)WVi(T ® PIEDV, (1 ® Z,)

= Y (A®Z)(PVP. TPV Py @005

m,m" .n'\n’

=P,VP,TP,V'P, ® P[¢\)] ® P[¢"]. (A2)

® |6, ) )1 ® Z)

In the second line, we have used the fact that |£) is an eigenvalue-1 eigenstate of Zy = Z(()O) ® Z(()] ) In the third line, we have used

Egs. (18) and (20). In the final line, we have used the fact that |¢,(,{ ) ) are eigenvalue-1 eigenstates of z0. Similarly, it is easy to
show that 7, (T ® P[£]) = O for all x" # (0, 0).
Recall that, given the sequence X := (0, x), the TPM work done is

WX) = wx) + wm) + ), = (6 + 19+ 2D) — (e, + 2 +25V). (A3)

Using Eq. (A2), recalling that Hy,y = H + Hff) + HS) and that |£) and |¢,(1'1i ) are eigenstates of Hﬁ)) +H, we may verify
that

tr{HoJox(p ® PIED} = (€5 + 1D + AD)tr{Tox(p ® PIED)),
tr{Jo« (Hior(p ® PIED)} = (€ + A + 2)tr{To.. (0 ® PIED]). (A4)
Consequently, we may express Eq. (A3) as

_ r{HiaJox(p @ PIED}  tr{Jox(Hiop ® PIE])}

WX) = (A5)
tr{Jo.«(p ® PIE])} tr{Jo.«(p ® PE]}
Recalling that pZ‘fé (X) = tr{Jp.(p ® P[E])}, we may therefore write the average work as
W)= Pl (XOWX) = ) tr{HiaTvx(p @ PIED) — Y tr{ T x(Hiop ® PIED). (A6)
X x'x x'x
Noting that Zx,,x Jv x 1S a trace-preserving operation, it follows that
Z tr{ Ty «(Hotp @ PE])} = tr{Hot(p @ PIE])} (A7)
Similarly, noting that ) , Zy HiwZy = Hyo, while ) Z,P[£]Z, = P[£], we have
Y tr{HoTv +(p ® PIED) = tr{Hi Vi (p ® PEEDV). (A8)

x',x
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Therefore, the average total work reads
VY = (Vi Vior — Hio)(p ® PLED) (A9)
forall p € S(H)and V.

APPENDIX B: PROOF OF EQUATION (38)

Let H=), €,P, be the Hamiltonian of system # and H4 =), A,Z, be the Hamiltonian of system 7{ 4, such that
Hy« = H + H4 is the total, additive Hamiltonian of the compound system H & H 4. Moreover, let |§) € H be a unit vector
which is an eigenstate of H 4 with eigenvalue A¢. Finally, let U be a unitary operator on H ® H 4 such that, for all |) € H,

U@ RE)N =) 1PV @ ¢u), (B1)

where | ® &) = |Y) ® |§), |Pu¥) = Py|Y), and |@,,) are eigenstates of H 4 with eigenvalue 1,,. It follows that for all |¢/) € H,
we have

(U @& |Holy @ &) = (YIH|Y)(EIE) + (V) (EIHAIE)
= (YIHY) + (¢ ¥)ro
= (VI(H + 2ol)|¥). (B2)

In the first line we use the additivity of Hyy, in the second line we use the fact that (§|&) = 1 and (§|H 4|£) = )¢, and in the final
line we use the fact that (¥|y )Xo = (¥ |AoLl|y). Similarly, for all |) € H we have

(¥ @EIUTHaUY @ &) = (UW ® E)HlU(W ® )
=Y (Pu¥ ® $ulHi| PV ® $n)

= Z(I/fIEnHPnIW(%I%) + (VPP V) (| H alDn)

= D (WIPHP, ) + (WPl

= <w|(H + ZAum>|1/f>. (B3)

In the first line we use the definition of the adjoint of a unitary operator U; in the second line we use Eq. (B1). In the third line
we use the additivity of Hy, and the fact that the projection operators P,, are self-adjoint. In the fourth line we use (¢,,|¢,) = Sp.n
together with P, P, = 6,, ,P,, and (¢,,|H 4|$) = A, and in the final line we use the fact that Zm P,HP, = H.

Combining Eq. (B2) with Eq. (B3) implies that, for all |/) € H, we have

(Y @EIUHaU — Ho)lY ® &) = (¢ (Z Dom P — )»0]1) ) = (| (Z(Am — A0>Pm> 1), (B4)

where in the final line we use the fact that Zm P,, = 1. From the above equation, it follows that

Fe(U'HoU — Hio) = Y (k= 20)Pa (B5)

where I's : L(H ® H4) — L(H) is the restriction map for |£) € H 4 defined as tr[["¢(B)T] = tr{B(T ® P[£])} for all B €
LH®H ) and T € T(H).
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