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We address the following state comparison problem: is it possible to design an experiment enabling us to
unambiguously decide (based on the observed outcome statistics) on the sameness or difference of two unknown
state preparations without revealing complete information about the states? We find that the claim “the same”
can never be concluded without any doubts unless the information is complete. Moreover, we prove that a
universal comparison (that perfectly distinguishes all states) also requires complete information about the states.
Nevertheless, for some measurements, the probability distribution of outcomes still allows one to make an
unambiguous conclusion regarding the difference between the states even in the case of incomplete information.
We analyze an efficiency of such a comparison of qudit states when it is based on the SWAP measurement. For
qubit states, we consider in detail the performance of special families of two-valued measurements, enabling us
to successfully compare at most half of the pairs of states. Finally, we introduce almost-universal comparison
measurements which can distinguish almost all nonidentical states (up to a set of measure zero). The explicit

form of such measurements with two and more outcomes is found in any dimension.
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I. INTRODUCTION

The exponential scaling of the number of parameters
describing multipartite quantum systems stands behind the
potential power of quantum information processing. However,
the same feature makes a complete characterization (tomog-
raphy) of unknown quantum devices intractable. Therefore,
it is of practical interest to understand which properties
of physical systems require the full tomography for their
determination and for which of them is such a complete
knowledge redundant. In this paper we analyze the resources
needed for a comparison of quantum states. Suppose a given
pair of quantum systems in unknown states. The question
is what experiments (if any) are capable either of revealing
with certainty the difference between the states or confirming
their sameness as long as the the probability distribution of
measurement outcomes is identified.

By the very nature of quantum theory, the events we observe
in quantum experiments are random. That is, both quantum
predictions and quantum conclusions are naturally formulated
in terms of probabilities and uncertainty. Therefore, it is sur-
prising that there are (very specific) situations (including spe-
cial instances of the comparison problem) in which individual
clicks enable us to make a nontrivial unambiguous prediction
or conclusion. For example, if we are given a promise that
the states are pure, then (with a nonzero probability) the
difference of states can be confirmed unambiguously from
a single experimental click [1,2]. This result can be also
generalized to the comparison of many pure states [3-5], the
comparison of ensembles of pure states [6], and the comparison
of some pure continuous-variable states [7,8] (see also the
review [9]). Unfortunately, such single-shot (nonstatistical)
comparison strategy fails for general mixed states [5,10].
The reason is simple. The probability of any outcome is
strictly nonvanishing provided that a bipartite system is in
the completely mixed state, for which the subsystems are
in the same state. That is, for any outcome there is a situation in
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which the systems are the same, hence the difference cannot
be concluded unambiguously. In such a case any error-free
conclusions need to be based on the observed probabilities of
outcomes. Probability-based strategies were not considered in
previous studies of quantum state comparison. Our aim in this
paper is to introduce this concept and provide basic results in
this area.

Trivially, if the experimentally measured probabilities
provide complete information on quantum states of both
systems individually, then they also contain all the information
needed for the comparison. The question of our interest is
whether the complete tomography is necessary. Our main
goal is to design a comparison experiment providing as little
redundant information as possible.

In Sec. II, we introduce the necessary mathematical notation
and formulate the problem. In Sec. III, we address the
existence of a universal comparison measurement. Section IV
investigates the comparison performance of two-outcome
measurements. Almost universal two-valued and many-valued
comparison measurements are presented in Sec. V and
conclusions are the content of Sec. VI.

II. PROBLEM FORMULATION

Any quantum state is associated with the density operator
0 € S(H) such that o > O and tr[p] = 1. Hereafter, S(H)
stands for the set of all states of a system associated with
the Hilbert space H. The statistical features of quantum
measurements are fully captured by means of a positive
operator-valued measure (POVM) that is a collection E of
positive operators (acting on H and called effects) E, ..., E,
summing up to the identity (i.e., 23:1 E; = I). For each state
© € S(H) the measurement E assigns a probability distribution
{p;Yj_, = Pe, where p; = tr[E;0] > 0and }7_, p; = 1.

Let us now move on to the set of bipartite factorized states
Stae = {0®E& : 0,6 € S(H)} C S(H ® H), where the parties
o and £ are the states to be compared. For a fixed measurement
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FIG. 1. (Color online) [llustration of probability-based compari-
son. If the observed probability distribution belongs to P \ Pg, then
states ¢ and & are for sure different.

E we can ask how much information it reveals concerning the
comparison of the subsystems.

Denote by St the subset of twin-identical states; that
is, St ={n®n:neSH) Cc S(H®H). Similarly, let us
denote by S~ the subset of nonidentical states; that is, S~ =
{o®E& :0,E(£0) € S(H)} C S(H ® H). Obviously, Sge =
St US™. The goal of comparison is then to distinguish be-
tween sets of states ST and S~ This goal can be achieved in our
approach by considering two sets of probability distributions
PEi ={p: pj =ulE;0], w € S*). In other words, since the
measurement E performs the mapping ST PEi, one can
unambiguously conclude that a bipartite state o belongs to the
set S* if the observed probability distribution pg e PEi \ P&
(see Fig. 1).

For a fixed POVM E on H ® H we may introduce the
following quantities:

Dee®é,8) = inf 3 InlEje®E—n@mll, (1)
j=1

Detn®n.S7) = inf D IlEje®E—nenl. @
j=1

While De(p ® £,8™) quantifies how different the states
o and & are (with respect to measurement E), the value of
De(n ® n,87) tells us to which extent the equivalence of twin-
identical states can be confirmed.

Before we proceed further let us make one important
observation: for all € > 0 and any state n ® n there exists
a state o ® £ such that [tr[E(n ® n — 0 ® £)]| < € for any
POVM effect E. In other words, in order to conclude that the
states are the same no uncertainty in the specification of the
probabilities pg(w) = tr[ Ew] is allowed. Such an infinite pre-
cision is practically not achievable; however, for our purposes
we will assume the probabilities are specified exactly. The
proof of the statement above is relatively straightforward. Let
usseto =nandé =1 —5n+ 5/, thus, n®n -0 & =
51 ® (7 — 41). Since [u[EX]| < maxgeg t{|EX|] < tf|X]],

it follows that
1
ne (n— 31>H <e. (3

In the last inequality we used the fact that the trace distance
of states is bounded from above by one. Formula (3) is
valid for any POVM effect E;; therefore » 7, |tr[E;(0 ®
& —n®n)]l <ne — 0 when € — 0. By definition of the

1
IH[Em®n—0®8)] <€ Etr[
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greatest lower bound (infimum), the distance (2) vanishes for
an arbitrary n € S(H).

Our observation implies that, for any measurement E, we
have Deg(n ® n,87) = 0. This seems to be in contradiction
with measurements which provide us with complete infor-
mation on the states of individual systems. We will refer to
such measurements as locally informationally complete (LIC)
measurements. Clearly, in case of an ideal LIC measurement
the sameness can be verified. Where is the problem? Topologi-
cally, in the set of factorized states S, with the trace-distance
metrics, the subset ST is closed and does not contain any
interior point. Therefore, the distance (2) vanishes. However,
it does not mean that the subset S* is empty.

Remark. The subset ST is closed because the set S(H)
is closed. To prove that ST does not contain any interior
point, assume the converse. Let 19 ® 1o be an interior point
of 8*, then there exists a neighborhood O, (19 ® ny) such
that O.(no ® ny) C S*. Choose an arbitrary point n @ n €
O:(no ® no) with n # 1o, then a nontrivial convex combi-
nation [Ano ® no + (1 —M)n @ n] € O.(no ® ny) C S*; that
is, Ao ®no+ 1 —-Mn®n=¢ Q¢ for some ¢ € S(H).
Taking the partial trace over the first subsystem, we obtain
Ao+ (1 —A)n =¢. In view of this, { ® ¢ = A%y ® no +
X1 =)o @ n+1n®n)+ (1 —A)*n @ n. Subtracting the
two expressions obtained for ¢ ® ¢ yields (n —no) ® (n —
no) = 0 (i.e., n = ng), which contradicts the choice 1 # ny.
Thus, St does not contain any interior point.

The vanishing value of the distance considered (2) is not
completely relevant if one thinks about the ideal error-free
experiments. In practice, experimental noise is unavoidable;
hence, from the practical point of view a conclusion on the
sameness of states can never be error free.

III. UNIVERSAL COMPARISON MEASUREMENT

We say the measurement E implements the comparison
whenever Dg(o ® £,5T) > 0 for some pairs o,&. The state
comparison measurement E is universal if Dg(o ® £,S1) >
0 for all p,£(#p). This is, for instance, achieved in case
of the ideal LIC measurements: even though the value of
De(o0 ® €,5) can be arbitrarily small, it always remains
strictly positive. As before, this situation is not very realistic
in practice, because any error in the identification of outcome
probabilities makes the conclusions (in some cases of ¢ and
&) ambiguous. However, assuming the infinite precision in the
specification of probabilities, the universality can be achieved
and in what follows we will assume that probabilities are
identified perfectly. The potential errors can be viewed as
modifications of the sets ST and S~ that we are aiming to
distinguish. Nevertheless, our goal is to analyze the ideal case.

Let us now demonstrate that a universal comparison can be
implemented if and only if the measurement is LIC.

To start with, we are reminded that any POVM E with
effects E; linearly maps a state w € S(H @ H) into the prob-
ability vector p = (pi,p, ...), where p; = tr[Ew]. For LIC
measurements the induced mapping o ® & > 7 is bijective.
That proves the sufficiency. To prove the necessity let us
assume the converse; that is, suppose the measurement E is not
an LIC measurement but implements a universal comparison.
Since E is not LIC, the probability assignment ¢ ® & > pg is
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injective. Let us denote by IT* and IT the images of S* and
Stae under some LIC measurement, respectively, and by Pg
denote the image of Sg,c under the measurement E. Clearly,
the relation between 7 (o ® §) and pe(o ® &) is linear and
injective; that is, there exist probability vectors 77 € IT and
7, € I transformed into the same probability distribution
pe(o ® &) € Pe. The distributions 7; transformed into the
same probability vector pe(o ® £) span a linear subspace
(hyperplane) H,ge in the linear span of IT.

Consider an internal point € S(H), then the image 7 (n ®
n) is an interior point of IT on the probability simplex. There
exists €9 > 0 such that, for all 0 < € < €y, the neighborhood
O.(7(n ® n)) belongs to I (on the simplex). Moreover, the
intersection Oc(7(n ® 1)) N H,g, cannot be a subset of TT*
only, because ITT does not contain any interior point on
the simplex [if it did, the distance Dg(n ® n,S~) would not
vanish for all states n]. Thus, O.(7T(n ® n)) N Hyg, N1~
is not empty and contains points of the form 7(d ® &)
such that p # £. As both 7(n ® 1) and 7(d ® &) belong to
Hyg,, we have pe(@ ® &) = pe(n ® n) and formula (1) yields
DO® §,$+) = 0; that is, E is not a universal comparison
measurement (by definition). This contradiction concludes the
proof of the necessity.

Let us summarize two main conclusions:

(1) In any locally informationally incomplete measure-
ment the sameness of states cannot be confirmed.

(2) Universal comparison (concluding universally and
unambiguously the difference of states) requires a locally
informationally complete measurement.

A question that remains open is how to evaluate the
overall performance of (universal or nonuniversal) comparison
experiments. There are several options. We can use the volume

of the subset S, of states in S~ that can be successfully

compared, or the average value of Dg(p ® &§,S8™) with respect
to some measure on the state space. In particular, these
quantities read

Sl = [ [ ndomaonveeoes . @

(Dg) = //sf 11(do)n(dé)De(o ® §,S™), ®)

where h(x) is the Heaviside function and u(do) = n(d§) is
a measure on the state space of individual subsystems. Quite
common choices for the measure p on density operators are
the ones induced by metrics; namely, by the Bures distance
and Hilbert-Schmidt distance (see, e.g., [12,13] and references
therein). Let us stress that |S&)mp|E = 1 does not imply the
comparison is universal, because there can be a set of measure
zero for which Dg(o ® £,ST) = 0. In such a case we say
that the comparison measurement is almost universal. It is of
great interest to investigate whether there exist some almost
universal comparison experiments and, in particular, how
many outcomes such measurements require.

IV. TWO-VALUED COMPARISON EXPERIMENTS

Let us start our investigation with the simplest case of two-
valued POVMs described by the effects E and I — E. In such
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a case,
DE(Q®$1S+): 2DE(Q®$’S+)7 (6)

where Dg(o ® £,8%) = min,gyes+ [t[E(0 ® & —n ®@ n)]|.
Two-valued measurements cannot be LIC, because they
provide the only informative real number (the probability
PEe, Pi—g = 1 — pg) whereas the state o ® £ is defined by
2(d* — 1) > 6 real numbers. Thus, two-valued measurements
are necessarily nonuniversal comparators. Nevertheless, it is
of practical interest to understand how good their comparison
performance is.

Let us consider a geometry of comparable states. Sup-
pose ¢ =1(I+r-A) and £ =1/ +k-A), where A =
(A1, ...,Ap2_1) is a vector formed of traceless Hermitian
operators A j such that tr[A jAy] = ddjx, andr k € R¥ ! are
Bloch-like vectors which necessarily satisfy |r|,|k| < +/d — 1
(see, e.g., [14]). Using this notation, let us find such vectors
r that the states o are comparable with a fixed state & (the
POVM effect E is fixed as well). The trace tr[Ep ® £] =
LTW[EI @ ] +r - K), where K = tr[ EA ® &]. Therefore, the
inequality Dg(o ® £,S1) > 0 boils down to either

ér K > ﬂg}é}; tr[En ® n] — étr[EI ®RE&], (7
or

1 . 1

gr.K<nggleré+tr[En®n]—gtr[El®$]. (8)

These inequalities define two nonintersecting half-spaces in
R4*-! separated by the distance

d
L = —( max tr[E — min t[E 9
K| (Vl®n€)§+ [En & nl n@neS+ [En® 77]) )]

Thus, for any fixed & the set of successfully comparable
Bloch-like vectors r is given by an intersection of two half-
spaces with the state space.

A. SWAP-based comparison

As we have already mentioned in Sec. I, if we restrict
ourselves only to pure states, then there exists a strategy to
perform an unambiguous comparison (via the SWAP measure-
ment). In such an approach, the sameness of the states cannot
be concluded and this is related to the absence of the universal
NOT operation [11]. However, the strategy (if successful) can
reveal the difference between the states in a single shot; hence,
no collection of statistics is needed.

The key observation for such a conventional strategy is
that the support of twin-identical pure states spans only
the symmetric subspace of H ® H. Suppose projections
Egym, Eqsym Onto symmetric and antisymmetric subspaces of
H® H. Since Egyy + Eyym =1 they form a two-valued
POVM Egwap. Let us note that Egy = 1(I + ), Eaym =
%(1 —S), where S is the SWAP operator acting as S(|¢ ®
©)) =lo @ ) for all |),|p) € H. It is straightforward to
see that, for any twin-identical pure state |¢ ® ¢), one has
tr{ Easym|® @ @) (¢ ® ¢|] = 0; however, tr[Exym|e ® V) (¢ ®
Y|l = %(l — el¥)|?) > 0if |) # |@). Therefore, recording
an outcome E,gy, allows us to unambiguously conclude that
the states are different. No statistics is needed.
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Let us see how this strategy works in the case of general
mixed states. A direct calculation yields

Psym = tr[E sym@ ®E&]= 2(1 + tr[0& D), (10)

Pasym = tr[Easme ®E&] = %(l — tr[e&]), (11)

where we used the identity tr[So ® &] = tr[p&]. The purity of a

state, tr[5?], is bounded from below by 1/d, where d = dim H.
Thus,
1 _
Psym(@ ®§) € 571 = Pym (12)
d+1
psym(n ®n) € |: 2d ’l] = Ps-)tm’ (13)

where P, is the image of S* under the POVM effect Eqym. It
follows that, by measuring the probability pyym < (d + 1)/2d,
we can with certainty conclude that the states are different. In
particular, Dswap(o ® §,S81) = max{O,ﬁ — tr[e&]}.

Associating o and & with the Bloch-like vec-
tors r,k e R¥-! as above (Ir|,|k] < +/d — 1), for the
SWAP-based measurement we obtain Ky =tr[(/ £ S) A ®
&]=xk. Also, we find explicitly tr[(/ £S)] ®¢&]=
d=+1, max,@ney t[( + S)n ® n] =2, max,gnes+ tr[(I —
Smnl=1-— d, min,gpes+ trl(/ + S @nl =1 + =, and
min,g,es+ tr{(I — S)n ® n] = 0. Then it is stralghtforward to
see that, for the SWAP-based measurement, one of inequalities
(7) and (8) is never fulfilled and the other one reduces to
r - k < 0. That is, for each fixed k(5#0) the set of successfully
comparable Bloch-like vectors r is given by an intersection of
a single half-space with the state space. Let us stress that for
qubits (d = 2) the state space is exactly the Bloch ball |r| < 1,
so the set of comparable vectors r is the hemisphere. Thus,
for qubits |S¢op,,lswap = % (see the next paragraph). In other
words, the dlfference of states from the same hemisphere is
not detected in the SWAP measurement. This implies that the
approximate universality is lost.

Due to unitary invariance of the measure ; we can always
treat one of the states in Dp(o ® £,S™) as diagonal, say
0. Then tr[p&] = Z?zl 0;;¢j; and the integration area of
| ComplsWAP is split into d! subsets labeled by the permutation
of the labels ji, ..., js identifying the ordering ¢;,;, = --- >
0j,j, of eigenvalues of ¢. The (normalized) volume of each of
these subsets is 1/(d!). If o and & are from mutually opposite
subsets (labelled as jj,...,js and jg,...,j, respectively),
then tr[oé] = Z?:l 0ji§jj < % (see the remark below), mean-
ing that such pairs ¢ and & can be successfully compared.
Therefore, we find the lower bound | COmp|SWAp 1/(d!). If

0,& are from the same subset, then tr[p&] = Zj:l 0ji&jj = 3
(see the remark below), hence the contribution to |5C_0mp |swaP
is vanishing and we can bound the fraction of comparable
states also from above, |S_.  |swap < 1 — 1/(d!). For qubits

comp
both bounds coincide and give the value | Comp|swAP = %
Remark. The d-dimensional probability vectors @ =
(©jiji»--->0j,j,) obeying the ordering g;; = - -2 0j,j,
form a convex subset on a (d—1) simplex,
with  the extremal points being (1,0,0,...,0),
é,;,O ,0), ..., (é,éjé, . ,%). Analogously, the
d- dlmensmnal probability vectors & = (&;,;,,-.-,&j,5,)
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obeying the ordering &;; <---<§;,;, form a convex
subset on (d — 1) simplex, with the extremal points being
©,...,0,0,1), (0,....0,4, 1) ....(4. ..., 5 L D). Since
the function f(0,) =0 & = Z?:l 0;;&j; = trlo&] is linear
with respect to ¢ ;; and &;, then its extremal (maximum) value
is achieved for some pair (9,&) of extremal probability vectors
o and &. It can be easily checked that, for all pairs of extremal
probability vectors, @ - & < 1 (i.e., tr[p&] < ). Similarly, for

the ordering §;,;, > --- > §;,;, one has tr[o§] > 5

B. Qubit “diagonal” comparison experiments

In the previous subsection we have shown that the SWAP-
based comparison enables us (in the case of qubits) to
successfully detect the difference for half (up to a set of zero
measure) of the pairs ¢ ® &£. Can one do better with some other
two-valued measurement?

Arguing as in the beginning of Sec. IV, we can conclude
that, for a given effect E, the states ¢ comparable with a fixed
state & form a cut of the Bloch ball or two cuts of this ball
by parallel planes. Note that, for the SWAP-based comparison,
the complete mixture cannot be conclusively compared with
any other state. So we will be interested in finding such a
two-valued measurement for which the complete mixture can
be unambiguously distinguished from some other states.

A general two-qubit effect takes the form

3
E= )" 0 ® 0, (14)
1,m=0

where we use the notation oy = I and 04,072,035 denote the
Pauli operators oy,0,,0;, respectively. Real coefficients &,
read g, = }Ttr[Eol ® o0,,] and satisfy the the constraints O <
E < 1.

For the sake of simplicity let us consider only the diagonal
case; that is, we will assume &y, = &, 26, With 3z, € R for

allm =0, ...,3. Then
o + 23 0 0 n| — 1
. 0 oy — 3 M|+ 0 0
Edlag - 0 x|+ Y — I3 0 (15)
x| — 1) 0 0 » + 513

Applying the positivity constraints on E of this form we obtain
the following conditions:

0< sy — 200 —mp — 355 < 1, (16)
0< 59—+ 0+ < 1, 17
0< s+ 30) — 200+ 253 < 1, (18)
0< s+ +0—3 < 1 (19)

The system of inequalities (16)—(19) has a nontrivial solution
whenever 0 < s < 1. Indeed, if ¢ is fixed, then each
two-sided inequality of the system determines a geometric
fiber between two planes in the reference frame (37,30, 73),
with the distance between the planes being equal to % If

0 < s < 1, then four fibers intersect to yield a tetrahedron.
The 1ntersect10n becomes a truncated tetrahedron if 4 7 < <
1 and finally transforms into an octahedron for the case

2
= 5.1 > 5 then the solution is a body obtained by the
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FIG. 2. (Color online) Body B(s) [i.e., the region of parameters (5¢;,3,, ;)] when (15) is a true POVM effect. Parameter s¢, takes values

31
872’

and % for figures from left to right. The union U, cj0,1yB(32) is a rhombododecahedron and is depicted by solid lines. POVM effects

1
e
Eqsym» Esym, E+ are vertices and POVM effects E.,. are face centers of this convex polytope.

inversion (31,50, 213) — (—3¢1,— 303, —323) of the body labeled
by parameter (1 — 5¢). For instance, if % < 34 < 1, then the
intersection is a tetrahedron inverted with respect to that in the
case 0 < s < i. Given 2¢ we will refer to the intersection as
body B(s4) (see Fig. 2).

The probabilities of the measurement outcome, correspond-
ing to the POVM effect Egi,, can be readily calculated for the
nonidentical (different) and twin-identical (same) states and
read

3
Paitt = Paing@ ® ) = 30+ Y _ StnFukm,  (20)
m=1
3
Psame = pdiag(r/ ® 77) = + Z %mh;%w 21
m=1

where we used o = %(I—}—r-a), &= %(1+k-a), and n =
%(1 + h - o). Using the normalization constraints for Bloch
vectors r, k, and h, we obtain from Eqs. (20) and (21) that
probabilities pgisr and psame satisfy the relations

paitt € [360 — 2max; 20 + #max] = cl(Pgpyo), (22)

Psame € [%0 - |%—|’%0 + %+] = PdTa (23)

.
respectively, where we introduced the notations s, =
max{|s|,||, |55}, - = min{0,5,50,53}, and s, =
max{0, >, 30,513}. Clearly, P(;{ag C cl(Pd_iag); hence, there is
a two-valued POVM that allows us to make a nontrivial
conclusion about the difference of some states. Notice that
the case ¢ = %, n = = 3 = i gives the SWAP-based
comparison measurement for which, whenever the measured
probability pgiae satisfies pgiag < %, the states ¢ and & are
unambiguously different.

1. Fixed-pair comparison

Surprisingly, there are pairs of states ¢ and & such that no
measurement E of the form (15) can reveal their difference. A
direct calculation gives that the difference for a pair of states o
and £ can be concluded in the diagonal comparison experiment
if

. +) — :
Dyisg(0 ® £,5™) = min >0. (24

3
Z Hm (rmkm - h%,)
m=1

Suppose that r,k, is nonnegative for all m. Setting h,, =
Tk, the distance (24) is vanishing for arbitrary measure-
ment of the considered diagonal form. Let us stress that the

requirement of positivity of r,,k,, for all m means that signs
of the Bloch vector components coincide, hence, k and r
belong to the same octant of the Bloch ball. Let us stress,
however, that the octants depend on the choice of the axes
(Pauli operators) and, for a given pair of states, we can always
fix the coordinate system in such a way that they belong to two
different octants. The only exceptions are collinear vectors
k and r = ck for ¢ > 0. In fact, a pair of parallel Bloch
vectors (pointing in the same direction) is indistinguishable
by any diagonal measurement irrelevant of the choice of
coordinate system. In particular, it follows that none of these
measurements is capable of distinguishing (in the comparison
sense) the complete mixture o = %I from any other state,
because pdiff(%l ®§&) = psame(%l ® %I) = .

It is natural to ask for which pairs p,£ their difference
can be identified by a suitably selected E of the considered
diagonal form and whether there are some ‘“nondiagonal”
measurements enabling us to compare a pair of states
containing the complete mixture.

In order to get an insight into the power of diagonal
measurements, let us assume that ¢, > 0, m = 1,2,3 and fix
k. Define a new vector K = (3c1ky,20ks,503k3). If K -1 > 0,
then we can find h such that K- r = an:l %mhi; hence
Dyipe(0 ® £, =0.If K-r <0, then Dyipe(0 ® £,87) =
K -r|+ anzl senh?% > 0 for any h # 0. Therefore, the min-
imum is achieved forn ® n = %I ® %I and the distance reads

0 if K-r>0

D i ’S+ = 2
diag(0 ® §,8™) {|K~r| otherwise. 2

In other words, the considered diagonal measurement E
enables us to verify the difference between o and & for all
o satisfying the inequality K - r < 0. The condition K- r =0
determines a plane containing the complete mixture (center of
the Bloch ball); hence, for any measurement of the considered
type and any state & the set of successfully comparable
states o is exactly a hemisphere of the Bloch ball. Figure 3
illustrates this situation for the following choices of the
diagonal measurements (POVMs):

3
1
Eswap = :Esymz Z<3I®I+ng ®O—m>7

m=1

’;
| :
Epgym = Z<’®’ - om ®am)}; (26)

m=1
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FIG. 3. (Color online) States o in Bloch ball (determined by vectors r) which can be distinguished from a fixed state £ (given by vector k)

by using measurement Eswap (2), E,, (b), and E, (c).

2
1
Exy = {Exy+=1<3'1®1+2"m®0m>’

m=1

2
1
Exy=Z<I®I—Zo*m®am)}; (27)

m=1

1
Ez:{Ezi:§(1®Iia3®03)}. (28)

In particular, for Eswap the “comparable hemisphere”
is orthogonal to the vector k. For E,, the “comparable”
hemisphere is orthogonal to the vector k; = (k1,k2,0) being
a projection of k onto the xy plane. Finally, for E, any state
from the northern hemisphere is “comparable” with any state
from the southern hemisphere.

It is worth noting that we have restricted ourselves to the
specific form of POVM effects (15). However, even for such a
simplified problem the solution looks rather sophisticated.

2. Average performance

The fact that, for any given diagonal two-valued measure-
ment, the states within the same octant are not comparable
means that none of them is universal neither in an approxima-
tive way. Nevertheless, it is of interest to understand which
of them perform better than the others and which do not
perform at all. In particular, we are interested in the answer
to the following question: How many qubit states o, £ can
be distinguished? As is briefly outlined in Sec. III, to answer
this question it is necessary to introduce some measure
on the state space. Once it is introduced, we can evaluate
the quantities | Scomp!E (relative volume of the successfully
comparable states; i.e., the comparison universality factor) and
(Dg) (average distance; i.e., the comparison quality factor).

In contrast with pure states, for density operators there
exist many equivalently well-motivated measures (see, e.g.,
Refs. [12,13] and references therein). We will employ two most
commonly used ones; namely, the Hilbert-Schmidt measure
uus and the Bures measure ug:

3
uus(do) = 4—r2 sin@drdfde, (29)
T
(o) _rising i a6d 30)
= r .
uBlag 22 ¥

where we used the following parametrization of Bloch vectors:
r = (rcosgsin,rsingsinf, rcosf) with r € [0,1], 6 €
[0,7], and ¢ € [0,27r]. Both these measures are spherically
symmetric and the former one corresponds to the uniform
coverage of the entire Bloch ball [12]; that is, the Hilbert-
Schmidt measure uys(7) of any compact set T C S(H>)
equals the geometrical volume f (Oer d’r of the corresponding
body inside the Bloch ball divided by 477 /3. The Bures measure
(30) ascribes higher weights to the states with higher purity
(that are closer to the surface of the Bloch ball).

For calculation purposes it is convenient to introduce the
following (relative) density of states:

1
NT(p) = lim — / / wdo)ulds),
E,n Ap—0 Ap tr{Eo®&]€lp; p+Ap]

3D

whose physical meaning is that Ni'f (p) Ap equals the fraction
of pairs ¢ ® & resulting in the measurement outcome proba-
bility within the region [p, p + Ap] for the effect E. Using the
introduced function, we can readily write

|ScomplE = f NE" (p)dp. (32)
pePL\P{
(De) =2 / P - pINET(pYdp,  (33)
pePp\Py

where P stands for the image of ST under the action of
POVM effect E, py is simultaneously the frontier point of
Pg and the inner point of P [if there are two such points,
then (DE) is a sum of two integrals (33) in the corresponding
regions of variable p].

In what follows we will analyze the three examples from
the previous section (comparison measurements Egwap, E,y,
and E;) and compare their performance. The associated
densities are depicted in Fig. 4 and explicitly written in the
Appendix. We focus on these POVMs because they represent
three different types of boundary (extremal in case of Egwap
and E,) points of the set of diagonal measurements (see
Fig. 2). Other diagonal measurements will exhibit intermediate
behavior with respect to these three.

We have numerically tested that for diagonal measure-
ments the relative volume of the set of comparable states
|SchmplE < % irrelevant of the measure used. The considered
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FIG. 4. (Color online) Densities of states Ng{iﬂ(p) (solid) and Ng"(p) (dashed) for different POVM effects: Euym (left column), E,,—
(middle column), and E,_ (right column); and for different measures: the Hilbert-Schmidt measure (top row) and the Bures measure (bottom

row).

1

three examples saturate this value, i.e., |3;,mp|ESWAm =3
In fact, there exist many measurements (of the considered
family) for which the comparable set is of this size and the
question is whether there are some interesting differences in
their performance. As a figure of merit for this purpose we
employ the average distance (Dg), which is closely related to
the quality of the fixed-pair comparison and partially quantifies
also the difference of states.

The performance of three comparison measurements
Eswap, Eyy, and E; is compared in Table I. It is clear that,
whichever measure p is used, the mean value (Dg), is
greater for the measurements Egwap and E, than that for the
measurement E . Furthermore, although both POVMs Egwap
and E; lead to the same expectation values (Dg),,, the former
one gives rise to less dispersion D, [ Dg] and relative standard
deviation /D, [Dgl/(Dg) . In addition, from Fig. 4 it follows
that the effect E,qym results in the smallest density of states in
the vicinity of the point py. Such a feature is very demanding
because the values close to pg are the most affected by potential
statistical errors, which are unavoidable in practice.

TABLE I. Effectiveness of probability-based comparison based
on different POVM effects. Mean values (-),, and dispersions D[]
of the distance Dg(o ® &,S™) for different kinds of measure .

ESWAP Exy EZ
(De)ns 0.07032 0.05522 0.07032
(Dg)p 0.090 06 0.070 74 0.090 06
Dys [De] 0.01006 0.006 95 0.01506
Dg [Dg] 0.01533 0.01062 0.023 14
/Duss [Del/(De)us 1.426 1.510 1.745
Ds [Del/(De)s 1.375 1.457 1.689

Using the mentioned figures of merit, we can draw a
conclusion that the measurement Egwap performs (on average)
the best among the considered measurements. There is yet
another fact in favor of this. Figure 4 contains also the densities
of the same states szflnle( p) defined by

pldn).  (34)

u[En®nlelp;p+Ap]

1

NEW (p) = Jlim ap
The value of the quantity N;"*(p)Ap tells us the number of
states of the form n ® n for which the probability tr[En ® n]
belongs to the region [p; p + Ap] (explicit formulas for the
involved effects E are given in the Appendix). One can
clearly see from Fig. 4 that, for the SWAP-based comparison
(unlike the other two), the distribution is concentrated far
from the border point py. It is evident that, if the measured
experimentally probability p satisfies p € Pa’;ym, then one
cannot judge whether states are the same or different. However,
even in this case it is possible to extract additional information.
In fact, the measured probability p sets a limit on the maximum
trace distance between the states o and & (provided they
are different), because trlo — &| < 2+/2p. Consequently, the
smaller the measured probability p the closer the states o and
& are.

C. “Nondiagonal” qubit measurements lacking
in almost universality

We have argued that “diagonal” qubit measurements are
not able to decide on the difference of states defined by
codirectional Bloch vectors; in particular, the states %I ®0
are not in the comparable sets of any measurement from
this family. We address the question whether this feature is
general. In other words, whether there exists a two-valued
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FIG. 5. (Color online) States o inside Bloch ball (determined by vectors r) which can be distinguished from a particular fixed state
& = diag(E,, E,) [given by vector k = (0,0,E, — E,)] by using the nondiagonal POVM effect £ = |E, ® E;)(E, ® E,| = diag(0,0,1,0) for
the following cases: § = diag(1,0) (a), § = diag(3,3) (b), § = diag(3,3) (c), and & = diag(;,3) (d).

qubit measurement allowing us to decide on the difference
between the complete mixture and some other state.

Consider a qubit state £ and its spectral decomposition
& =) ,_1, EilEi)(E;| with eigenvalues E; > E,. Suppose
a two-valued measurement E with the effects E; = |E, ®
EN(8, ® E|and E; = I — E;. Then we have

De(o®E,8T) =2 inf |08 — niinml
n@neS+

2008 — 1 if 48))"!
_ ] 20281 —3 sz' > (4&) (35)
0 otherwise,

where Qii = <E,|Q|E,) and nii = (E,|7}|E,), i = 1,2 If, for
instance, & = 1 (i.e., £ is the north pole of the Bloch ball),
then states o with 0, > JT form the comparable set for &. They
lie below latitude 60° north and include also the maximally
mixed state [see Fig. 5(a)]. If £ is the maximally mixed
state (E| = B, = %), then it is unambiguously distinguished
from any state from the southern hemisphere of the Bloch
ball [Fig. 5(b)]. Applying unitary transformations of the form
UoU' and (U ® U)E, »(U' ® U'), we can draw a conclusion
that maximally mixed state can be effectively compared with
any other qubit state, which answers our question in a positive
way.

We find that, on average, the fraction of comparable states
is smaller than % In particular, |S¢op,lns = %(6 —7In2) =
0.43 and |S ;I8 = 0.42, which means that the measurements
Eswap, E.y, and E; outperform the considered nondiagonal
measurement in this parameter. The average distance (Dg)
reads 0.1342 and 0.1524, respectively. We can see that the
quality factor (Dg) is increased by the expense of the lower
universality factor [ S, |-

Surprisingly, for a fixed pure state & = |E)(E| it is
possible to design a two-outcome measurement Eg such that
Dz(o ® §,5%) > 0 for all states ¢ # &. In fact, suppose a
POVM Eg with effects Eg; = diag(}.3.4,3) and Eg =
I — Ez; specified in the orthonormal basis {|E ® E),|E ®
E1).EL ® 8),|EL ® EL)}. Then, pzi(0 ® §) = 32— 02)
and pz;(n ® n) = §(2 4 313,), where 0 = (E1[¢|E,) and
nn = (E1|n|EL). Hence pzi(o ®&) € [3.3) and pzi(n ®
n) = [3,3]1 = P2Z,. Therefore, if ¢ # £, then we necessarily
observe a probability pg; outside the interval PZ;, which

unambiguously identifies the difference of o and &. Such
a two-outcome experiment can be used to check whether
a copy o of the etalon pure state £ was really produced.
Nonetheless, in spite of the seeming effectiveness of this
measurement, its average performance is quite low. To be
precise, the fraction of comparable states ¢ ® £ on average
reads |S plns = 0.097, or |SC’0mp|B = 0.131, and the quality

om|

factor is (Dg)gs = 0.0049, or (Dg)g = 0.0079.

V. ALMOST-UNIVERSAL COMPARISON
MEASUREMENTS

We have shown in Sec. III that any universal comparison
measurement is necessarily an LIC measurement. However,
the question of an existence of an almost universal comparison
measurement (which is not LIC) remains open. In Sec. IV, we
have considered such examples of two-valued measurements
that the fraction of unambiguously comparable qubit states o,
& does not exceed % In what follows we find a two-valued
POVM, for which this fraction equals 1. This makes such a
two-outcome measurement almost universal.

Consider a general two-valued measurement E; ,,, com-
posed of the effects E = diag(X;,Az,A3,A4) and I — E that are
diagonal in some Hilbert space basis |j ® k) of two qubits.
For E;_4y to be almost universal, the set of indistinguishable
states 0 ® £ (o0 # &) must have measure zero. Let us recall the
geometrical picture presented in the beginning of Sec. IV:
for any fixed qubit state &, the comparable states ¢ form
a cut or two cuts of the Bloch ball; in latter case the cuts
being separated by the distance L [see formula (9)]. The
almost universality requires L = 0 for all states £ from a set
of measure 1 in S(H;). In other words, the almost univer-
sality requires max,gpes+ trlEn ® n] = min,g,ecs+ trtlEn @
nl; that is, tr[En ® n] = const for all n € S(H). On the
other hand, the only invariant which is quadratic with
respect to n is (tr[n])>, which means that tr[En ® n] =
Mt 4 (o + A3 + Aan3, & 03y + 201102 + n3,; that
is, A1 =Xis=13(2+13)=1€]0,1]. Denoting 3(A»—
A3) = @ € [—min(A,1 — A), min(A,1 — X)], the operator E =
diag(:, A + p,X — w,A) is an effect indeed. The constructed
effect determines an almost-universal comparison because
P ={A} and P; = [A — |u],A + |u|]. The distance (6) is
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FIG. 6. (Color online) Almost-universal comparison measure-
ment (for qubits) with n outcomes: (a) n = 2, the images Py
on 1 simplex and the densities Ng" (p) for Hilbert-Schmidt (HS)
and Bures (B) measures, with § peak being ascribed to N;‘,I"Ze(p);
(b) n = 3, the images P;., on 2 simplex. In both cases the states
o and & can be distinguished whenever their Bloch vectors satisfy

r, # k.
easily calculated and reads

Drou(o ® §,87) = 2|u(on — &)l (36)

Let the basis |j ® k) be composed of eigenvectors of o, ®
o,. For a given state & the set of comparable states o equals the
whole Bloch ball except for a circle of states satisfying r, = k;,
where r; and k, are z components of the corresponding Bloch
vectors r and K, respectively [see Fig. 6(a)].

The distance (36) takes maximal value for maximal
(i.e., when u = A = %). In this case E = diag(%,l,O,%). The
quality factor of such two-valued almost-universal comparison
is (Dyou)us = 18/35 ~ 0.51 or (Dyou)p = 256/(45m2) ~
0.58; namely, substantially greater than for “diagonal” two-
valued measurements (cf. Sec. IV). The densities (31) and
(34) for the effect E are given in the Appendix and depicted
also in Fig. 6(a).

The qubit example of two-valued almost-universal com-
parison measurement can be straightforwardly generalized
to any dimension d. In fact, the choice E = J[AQ [ + 1 ®
(I — A)], where O < A < I, guarantees that tr[En ® n] = %
for all states n € S(H). Therefore, the distance (9) vanishes
and the comparison is almost universal. The distance (6)
equals Ds_ oy (0 ® £,81) = |tr[A(o — &)]|. For conventionally
parametrized states o = 5(1 +r-A)and & = 5(1 +k-A),
one can choose A = A; = %(I + +/2/d A ;) that ensures O <
Aj <I. Then Dyoy (0 ® £,8T) = %dm —kj| > 0 when-
everr; #kj.

The considered two-valued almost-universal measurement
Ez-om,- compares j components of (d* — 1)-dimensional
Bloch-like vectors r and k. Combining all these measurements
E2—outj9 j=1,... ,d*>—1, into a single measurement allows
us to distinguish vectors r and; that is, to perform universal
comparison measurements with 2(d> — 1) effects. Such a
measurement will be LIC, in total agreement with the results
of Sec. III.

PHYSICAL REVIEW A 85, 062301 (2012)

Although a measurement with two outcomes can be
almost universal, the practical realization of two-outcome
measurements can be rather complicated. In some phys-
ical experiments, many-valued measurements are natu-
rally performed instead of two-valued ones. In view of
this fact, it is reasonable to consider almost universal
many-valued measurements, which are closer to practical
realization.

We begin with the qubit case and three-valued measure-
ment Ej; ¢ composed of effects E; = diag(0,1,0,0), E; =
diag(0,0,1,0), and E3 = diag(1,0,0,1) defined in the basis
|j ® k). For twin-identical states n ® n, the probabilities
of outcomes satisfy pi*™ = p5*™° < %, Py =1— pi*me —
Py > % In other words, the set ST is mapped onto a line
inside the probability simplex [see Fig. 6(b)]. On the other
hand, the elements of S~, ¢ ® &, give rise to probability vectors
pYT intersecting the line of twin-identical states, P;", if
and only if density matrices ¢ and & have the same diagonal
elements. However, the subset of the states o ® & satisfying
this peculiar requirement has zero measure in S~. Hence,
almost all pairs of states o and £ can be compared by the
described three-outcome measurement E3 o (Fig. 6). A direct

calculation of the distance (1) yields

Dionlo ®E.57) = L lr; — k| if rk, >0
Foul@ S )= 2 1 — k| + ko] otherwise.
(37)
Itis not hard to see that the calculation of |SC_Omp | by formula (4)

results in 1; that is, the comparison measurement E3_o, is in-
deed almost universal. The average distance (5) is (D3.out)us =
0.29, or (D3.ou)s = 0.33. The quality factor is smaller than
that for two-valued almost-universal measurements because
the average probabilities of outcomes are smaller (~% Vs ~%
for two-valued measurements).

Let us note that the considered example of a 3-outcome
POVM is nothing else but a coarse graining of a local
projective measurement applied on each of the system in-
dependently. In particular, E; = E¢, E» = Ej9, and E3 =
Eo + Ey1, where Ej = |j ® k){j ® k| (j,k=0,1) are the
effects forming the local (factorized) projective measurement
E4oun. In other words, if one performs the same (along
the same direction) Stern-Gerlach experiment on both spin-
% systems, then the resulting four-outcome POVM E4 oy
performs an almost-universal comparison. So does the POVM
E3.ou, where the outcomes “00” and “11” are unified into a
single one.

This qubit example of three-outcome measurement can
also be generalized for an almost-universal comparison of
d-dimensional systems performed by a measurement with
d(d — 1)+ 1 outcomes. Let Q be a projective measurement
associated with effects Q; = [v¥;) (|, where {Wj)}‘jj.:l form
an orthonormal basis in . Suppose the same measurement
is performed on both d-dimensional systems and define a
coarse-grained POVM E,, with effects Ey = Z‘f: 10 ®Q;
and Ej; = Q; ® Oy if j # k. If the states are the same,
then pi™ = p;i™ and pg™™ =1-23%,_, p5i". Clearly,

>

piMe PLif (Yjloly;) = (W;lEly;) for all j=1,....d.
Thus, a collection of all nonidentical states o ® & € ST, whose
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images pdiff ¢ P, is a subset of S~ defined by d — 1 real
parameters (in view of normalization) and, hence, this subset
is less parametric than the set S~ defined by 2(d? — 1) real
parameters (i.e., the measure of this subset is zero). In conclu-
sion, the measurement E, consisting of d(d — 1) + 1 effects
{Eo,E i} is an example of the almost-universal comparison
measurement for d-dimensional quantum systems.

VI. SUMMARY

In its essence the comparison is a binary decision problem,
which we believe plays a very important role in our everyday
lives. In this paper we addressed its quantum version, namely,
a comparison of a pair of unknown sources of generally mixed
states. We designed a new comparison strategy based on the
observed statistics (not individual outcomes) of a particular
comparison measurement device. It turns out that, basing
upon the observed probabilities of measurement outcomes,
one can sometimes draw an unambiguous conclusion on the
difference between the states. In fact, it seems that a vast
majority of measurements are capable of comparing some
pairs of states. However, as we have shown in this paper, the
universal comparison of two arbitrary states requires locally
informationally complete measurements; hence, the complete
tomography of both sources is necessary and sufficient in order
to perfectly distinguish between twin-identical states n ® n
and nonidentical states o ® & (0 # &).

Furthermore, we analyzed the comparison performance of
two-valued qubit measurements. We defined the family of
“diagonal” measurements including the so-called SWAP-based
comparison measurement, which is known to be useful for the
single-shot unambiguous comparison of pure states. We have
shown that none of these diagonal measurements is able to
decide on the difference of a completely mixed state from any
other mixed state. Consequently, the fraction of comparable
states, |SC_0mp|E, is at most % for diagonal measurements. We
compared in detail the average performance of three diagonal
measurements Egwap,E,y, and E; that are boundary (extremal
in case of Egwap and E;) points of diagonal measurements.
Although for all of these measurements |Sg,. e = %, we
found differences in the distribution of distances Dg(o ®
&,81). Using these considerations, we concluded that the
SWAP-based comparison performs (on average) better than the
other two examples.

We also provided nondiagonal comparison measurements
enabling us to decide on the difference between an arbitrary
state £ and the complete mixture %I or between a pure state
& and any other state (in both cases the measurement depends
on &). In this sense, for a given £ the measurements of this
kind overcome the performance of any diagonal measurement.
However, their average performance over the set of all states
results in |Sc‘0mp|E < % Despite this shortcoming, any pair
of qubit states can be compared in a suitable nondiagonal
two-valued measurement.

In the remaining part we presented almost-universal
comparison measurements in any dimension; that is, such
measurements that the size of the comparable set is max-
imal, |S(;)mp|E =1, but there are still some pairs of states
(forming a subset of measure zero) for which their difference
cannot be certified. The almost-universal comparison can
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even be realized by two-outcome measurements. For qubits,
the constructed two-valued almost-universal measurement is
shown to exhibit the best average performance. We succeeded
in finding the explicit form of two-valued almost universal
comparators in any dimension. Nonetheless, many-outcome
almost universal comparison measurements may turn out to
be more feasible for practical implementation than two-valued
ones. For d-dimensional systems we theoretically constructed
such measurements with d(d — 1) + 1 outcomes (3 in case of
qubits). Each measurement is just a coarse-graining of a local
measurement, where both systems are measured by the same
(d-valued) projective measurement (e.g., the Stern-Gerlach
apparatus oriented along z direction in the case of spin
particles).

In summary, we have shown that the universal comparison
of states (in the considered settings) is not possible, but
that there still exist simple almost-universal comparators. In
particular, two-outcome measurements are already sufficient
(in any dimension) for almost universality. A nice feature
of the proposed many-outcome almost-universal comparison
measurements is their experimental simplicity. We left many
open questions, especially concerning an optimality of the
almost-universal comparison measurements. As concerns the
universal comparison, an optimality is directly related to
the optimal complete tomography.
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APPENDIX: DENSITIES OF STATES

The densities of states N (p) and N3*"(p) are introduced
in Egs. (31) and (34), respectively. It is worth noting that the
domain of functions Ngi’flfl(p) and N?‘;‘e(p) is P, and Pg ,
respectively. Below we present the explicit formulas of these
densities for the effects Euym, Exy—, and E._ specified in
Egs. (26)—(28). We calculate the densities by using either the
Hilbert-Schmidt measure (29) or the Bures measure (30) and
the obtained densities are depicted in Fig. 4.

As far as POVM effect Eqygym is concerned, Pagym = (0, %]
1

and Pa*s‘ym' = [0,}1], consequently pp = ; and the density of
states N3 (p) is symmetrical with respect to the point

asym, ;b
po- The density of states can be calculated explicitly in the

corresponding domains for the Hilbert-Schmidt measure and
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expressed in quadratures for the Bures measure; namely,

Nions(p) = —[1 +(4p —1’QInjdp — 1] = 1],
2 _(4p —1)2
rs—(4p )d

dff
aslym B(p) 1 — 2

[4p—1]|
:g%]{s(l’) =641 —4p,
N5 () = 4y T— 4p/(n /).

Similarly, for the effect Ex,— we have P =(0,1],
Xy =[O0, 4] and py = 3 but the densities of states differ
from those obtained above and in the corresponding domains

they read

diff _ 2 12 _
nyf us(p) = 2[(l +2(@4p — 1)7)arccos [4p — 1]
=3l4p — 1V 1 = (dp — 1],
16 r—arcsin [4p—1|
Ndlff B(p) 4o
arcsin [4p—1]|

/ r2sin?6 — (4p — 1)2
. dr,
-] 1 - r2) sin? @

N3 Zus(p) = 12¢/p,  Ni"g(p) =

PHYSICAL REVIEW A 85, 062301 (2012)

The effect E,_ is characterized by regions P,_ = (0,1],

= [0,%], and po =% and gives rise to the following

densities of states:

NS (p) = _{[1 +Q2p =11 —=In|2p —1]) =2},

16/1 JIr2—ep—12)(1-r2)
2 2p—1]|

it oy = 20
Z,,B(P) = rzz

N2%s(p) = 3p/y/1=2p,
S (p) = 4/2p/ (/T =2p).
Also, we present the calculated densities (31) and (34)
for the effect £ = diag(%,l,O,%) of the almost universal

two-valued comparison measurement from Sec. V. The result
is

Ngl us(P) =

16
dlff( )

dr,,

12
—(1 —2p—1D*2p — 12 +312p — 1| + 1)

1-212p—1]
X/ =)l =G+ 202p — 120,

1

1
Nihs(p) = Np'g'(p) =6 (P - E) :
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