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We examine the execution of genergllly transformations on programmable quantum processors. We show
that, with only the minimal assumption of availability of copies of the 1-qubit program state, the apparent
advantage of existing schemes proposed by G. \étal.[Phys. Rev. Lett88, 0479052002 ] and M. Hillery
et al.[Phys. Rev. A65, 022301(2003] to execute a general(Wl) transformation with greater probability using
complex program states appears not to hold.
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I. INTRODUCTION In a probabilistic processor we demand that, by measure-

In conventional classical computation. the data are ma[nent of the program register, we can tell whether the desired

nipulated by the computdthe * rogessoﬁ’éccordin to the unitary operation has been performed on the data state or

diEtates onl ro ramp Pickin pthe rogram Correcgtjl ensure\évhether some other unitary operation has been performed
program. g the prog . y. tpon it, i.e., that the state of the program register associated

that the output data of the operation are as desired; the pro-; . —r\

. e . With the execution ofJ, |E(),, is orthogonal to the states of
cessor itself has general utility and can execute many differ; . ) : X
ent programs the program register associated with other, undesired, out-

X . : ... comes on the data statthe identity of these states of the
Nielsen and Chuanfl] have mvestlgated the possibility program register will in general be dependent on the nature
of a general quantum processor. Modeling the processor as . L B
. . . of the processor itself A model of this is shown in Fig. 2,
quantum gate array into which we input a data statg

. where the outcome of the measurement of the program reg-
represented by an array of qubits, and a program $&ie . S X . .
; A . ister, |k>p, indicates which unitary operatiot),, has been
that is also represented by an array of qubits, we can consider
performed on the data state.

:2? o(g)eratlon of the quantum processor as effected by a uni- The simplest case of desired programmable operation on a
y qubit is the execution of a (@) transformation, U(6)
lha ® |E)p— Glla @ |E),]. (1.1)  =€%72 upon a data qubity)y=al0)y+B|1)¢. Here, theun-

. . knownphase of the rotatiofiis encoded in the program state
In the case where the processor is to execute a particular

unitary, U, on the data register, we would have

G[|¢>d ® |EU>p] = (U|d>d) ® |EL,J>p: (1-2)

as shown in Fig. 1, whertE,), is a program state to cause While the processor itself is represented by a controlled-NOT
the execution o) on the data state. It can be shown that the(CNOT) gate with data qubit as control and program qubit as
subsequent state of the program regisltEr{pp, cannot be target, f_ollowed by a mea_surement of t_he program qubit in
dependent on the data state, which for general processirfe basis{|0),./1);} (see Fig. 3 The action of the CNOT
will be unknownto us. Nielsen and Chuarid] have shown Processor on the data and the program input states is

that a deterministicuniversal quantum processor of finite 1 1

size does not exist. The problem is that a new dimension |¢>d|Ea>p*> ?U(9)|¢>d|0>p+—rU(— 9)|¢>d|1>p_

must be added to the program space for each unitary operator V2 V2

U that one wants to be able to perform on the dafg. A (1.4)
similar situation holds if one studies quantum circuits that

implement completely positive, trace-preserving maps rathelrrom this equation we see that, when a projective measure-
than just unitary operatof®,3]. Some families of maps can ment in the computer bas{{0),[1)} on the program qubit at

be implemented with a finite program space, for example, théhe output of the CNOT is performed and the regQjtis
phase damping channel, but others, such as the amplitudegistered, then the data qubit that has been prepared in an
damping channel, require an infinite program space. If on@inknown statdy) is rotated by theinknownangle 6 as de-
drops the requirement that the processor be deterministisired, i.e., with probability 1/2 we obtain the staté6)|)q

then universal processors become possfiild—6. These (see Fig. 4 On the other hand, when the program qubit is
processors are probabilistic: they sometimes fail, but wemeasured in the stat@p, then the data qubit is rotated in the
know when this happens. opposite (“wrong”) direction, i.e., with probability 1/2 we

1 )
Epp=T7=(0),+e1),), (1.3
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FIG. 3. (Color onling Model of a probabilistic CNOT quantum
processor performing the(W) rotation of the input data stae) by
the angled that is encoded in the program st#f,) given by Eq.

) o (1.3). A measurement is performed on the output of the program
obtain at the output of the probabilistic processor the stat@ggister.

U(=0)|)q (see Fig. 5.

FIG. 1. (Color online Model of a general quantum
processor.

In Sec. Il we shall consider three methods of increasing (NN — —
the success probability of this operation: the Vidal-Masanes- 5705 [Eavglp, @ [Ear-190p, ® - @ |[Eg)p,
Cirac (VMC) [5] method, which uses a specidtqubit pro- oN_q
gram statdteratively and terminates when a “good” result is - i_ S g 95 (2.1)
achieved; the Hillery-Ziman-BuzekKHZB) [7] scheme, V2N S P '

which uses the same program state as the VMC scheme but ) ) ) o )
performs the operation in one step; and last, in Sec. I, weVith 105 linpy ® lin-Dpy ;- ®lin)p,, Wherej; is thelth bit
consider simply usind\N copies of the basic program state in the binary representation ¢f

|2, given by Eq.(1.3). In the latter case, we consider three B. The HZB scheme

scenarios: iterative use of the program states, one-step use of '

the program states, and finally, preprocessing of the program Instead of using the CNOT processor iteratively, follow-
states to produce a program state of the sort used by thBg Ref.[7] one can design a general quantum processor
VMC and HZB schemes, which is then put through a VMC
or HZB processor. Section 1V is devoted to conclusions, and _ .
some technical details of our calculations are presented in the Gap= %_:1 Ak ® |i)p (K], (2.2
Appendix. e

oN-1

where {j)|j =0, ... ,N-1} is an orthonormal basis for the
program space and th&, are operators acting on the data
II. INCREASING THE PROBABILITY OF SUCCESS space such that

A. The VMC scheme N1 N1

The probability of successfully carrying out th€1) op- Z AleJ'y = Z AXiAJTy =lay- (2.3
eration on the data qubit can be increased through the en- =0 =0
largement of the program spadg7]. In the VMC scheme, if  The result of the circuit on the combined data and program
the first operation failed, that is, we performeg@-6) on the  states input¥)q®|E), e Hq® H, can be expressed as
data state, we could attempt to correct this by performing
the rotationU(26) on the wrongly transformed data state
U(-6)|P)4 and, if that failed, we could attempt to perform
the transformatior(46) on the data state)(—36)|¥),, etc.
The N-qubit program statEg\'% used for this iterative op-
eration can be written as

|Y)g

N1

G(¥)g® |E)y) = 20 ABEI® )Yy, (2.9
-

uo)¥)

Uk |¥)g

108} = Z5(10)+ 1) =
L ol

@' k) FIG. 4. (Color onling Model of a probabilistic CNOT quantum
p

processor performing the(W) rotation of the input data stae) by
the angled that is encoded in the program stdi,). When the

FIG. 2. (Color online Model of a probabilistic general quantum measurement performed on the program qubit results in the state
processor. A measurement is performed on the output of the prdO)p, the desired rotatiotd(6) is performed on the data qubit. The
gram register. probability of success is equal to 1/2.
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desired transformation has been executed or until the avail-
able program states are exhaustédN, the number of avail-
able copies of= ), is an odd numbe(there is no benefit to
using an even number of program statéise probabilityp of
succeeding before running out of copies|&f) is given by

the expression

U-9)1¥)

105) = 25(10) + €7 11))

1]
D ol p=1 1( N ) 3.0

2N\(N-1)/2
FIG. 5. (Color onling Model of a probabilistic CNOT quantum ) o
processor performing the(t) rotation of the input data statg) by ~ @nd, in the limit of largeN
the angled that is encoded in the program stdf,). When the 2
measurement performed on the program qubit results in the state P =1— 1 [—
|1>p, the rotationU(-6) in the wrong direction is performed on the 7N

data qubit. The probability of this result is equal to 1/2.

(3.2

B. Single-shot process with multiple copies of the program

where theprogram operators A=) are given by state |= )
oN_g The process can be carried out with one iteration of a
N =\ A larger gate array, where we use an odd number of program
AE) = g) P<k|“>pAJk' 2.9 qubitsN so that our combined program and data state is
oN-1

If the measurement of the program state retljmm@ then Eq. N D i
(2.4) tells us that the operatiok,(Z) has been carried out on [Wa® By =" @ > ellfj);, (3.3
the data state. V2 =0

To perform the W1) operation with only one iteration of wherelj| is the Hamming weight of the binary representation
the processor in the HZB scheme, we use the same prograpt j and we use the same basis for the program space as
state as for the VMC scheme given by ER.1). The circuit  previously. SettingAkk:|0>dd<O| as before, we select the po-
(processoris then determined by the operators sition of the termsA;=|1)44(1| according to the Hamming

A= 81d00ag(0] + 801 Da( L, (2.6) weight of thej andk such that

with @ indicating addition modulo" The program state is K =1il+1, (3.4

then measured and any result other thlh-1), indicates  to the largest extent possible so that E2j3) is obeyed and
success. The success probability for this circuit is the sam@e can position the other terms arbitrarily so as to respect

as that for the VMC circuit, and it reads Eq. (2.3). Where we can give tha,, values according to Eq.
1 (3.4), measurement in the program basis will, up to global
p=1-=y. (2.7 phase, ensure that the data qubit has been transformed by
2 U(6). The rows(values ofj) whereA=|1)4,(1| are not po-

This is the highest possible success probability achievablgitioned according tdk|=|j|+1 indicate measurement out-
from the starting statéﬁm) for a general probabilistic comes where the desired transformation has not been carried

quantum processdb). TP out but instead a rotation through some negative multiple of
0 has occurred. The numbBrof rows that cannot be created

so that Eq(3.4) is obeyed is given by
Ill. USING MULTIPLE COPIES OF THE BASIC

PROGRAM STATE _( N )

(N-1)/2 (39

A. lterative process with multiple copies of the program
state |[Eg) Each (incorrec) program operator corresponding to one of
Given that@ is not known, it is not clear how the program these rows has probabizlity"’z, so again the success probabil-
states for the improved schemes above might in general H& is given by Eq.(3.1).
produced deterministically given no prior knowledge éf
General execution of (1) on a data qubit using a single ) ) ) )
program qubit and a CNOT gate is known to be optimally ILwe wish to use, from a starting state of multiple copies
achieved using the program st4&,) given by Eq.(1.3) (see  Of |E4, the VMC or HZB schemes, we can process these
Ref. [8]), so assuming the availability of this state seems a
reasonable minimal assumption. To increase the probability i1hg is analogous to the Markov process “gambler’s ruin,” where
of success above 1/2 using just a CNOT, we require MOrene game is fair and the gambler has unlimited credit.
copies of this basic program state and, if the operation ?n this case, unlike the VMC and HZB schemes, the distribution
U(-6) has been carried out, we can reprocess the data stageparticular incorrect results can differ according to howAheare
with a new copy ofiE,) and continue this process until the selected, although the overall probability of success is unchanged.

C. Preprocessing
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copies to produce a state of the form given in Ej1) that |E(91)), up to global phase, by measurement of the remaining

can then be used as the program state for the VMC or HZBeft-most qubit. Each of these final results occurs with prob-

processors. ThX-qubit program statéEf,X)>p can be proba- ability 1/2 and so, using Eq2.7), we find that the overall

bilistically constructed from a minimum dfi=2X-1 copies  probability of successfully executing the operatld(¥) fol-

of |2, and so it is possible, by preprocessing these copieowing preprocessing of the state and then input of the out-

of |Ey), to construct with some probability a std€(6)9, come, as a program state, into a HZB or VMC process is

wheres=<X. A preprocessing scheme that produces the sam&/8, which is in fact the same as that for iterative or single-

overall probability of success in executitigf#) on a data shot processing of the stat&,)®3 from Secs. Il A and

qubit as the schemes in Sec. Il can be constructed by petd B, as can be calculated from E¢3.1).

muting the phases ifE )®2"-L and making a measurementin _ The preprocessing transformatié®10 can be easily re-

the computational basis, initially on‘21-X=M of the qu-  alized using a single CNOT gate, with the second qubit in

bits. Eq. (3.6) playing the role of a control and the first qubit
We give two specific examples, of preprocessing. Firstacting as a target.

we will assume three identical program stafgs)®3. Then

we will consider the case with seven identical program 2. Preprocessing with seven copies of the program si&g)

states, i.e.,|E»®’. Using the three- and seven-program

. : @7 .
states, we can probabilistically prepare the program states In co.nS|der|ng the preprocessing @0). , W mt_roduce .
—(2) =3 ; . . a technique for permutation design that is helpful in describ-
|2, )p and [E,”),, respectively. In the Appendix we will

qu?)te the result for general ing the derivation of the general preprocessing procedure for

(=P
1. Preprocessing with three copies [ ) The starting point is the state
We have that 127 i 1 B 7 o
= \®7 — =il = ~i(lgl+[p)) o
= ===2,€ =7 ® e )
1 . . ™ =P V,128j§) i) V,128§)|p> % )
E»®°=—=(/000 + €001 + €010 +e 7011
2\2 (3.1
+€7%100 +e7?7101) + €?7110 + e ¥111)), and the procedure is to perform a permutation of the state so

(3.6) that measurement of the first four qubits in the computational

sis will yield eitheriEf’)) or a state from which measure-

. . . b

in the computational basis. The states that can be ConStrUCtﬁint of the one or two remaining left-most qubits will yield
; =(1) =(2) ; . - ’

from this are|=,’) and|=,”) which are, up to global phase Iu([f)) or |z(01>>' respectively, up to a global phase. The num-

and in the computational basis bers of terms with each phase are given by

20y = L (joy) + &), @37 ke O -ig -2i6 -3i60 -46 -50 -6 —7if
V2
m 1 7 21 35 35 21 7 1
and
|:(2)> = |2, ®|Ep = ;(|00>) + e—i0|01> + e—i20|10> and the aim is to allocate those phases to terms so that, upon
o _63_0 v measurement of the left-most four qubits, the state is either
+e11). (3.8)  projected intOIE(;’)) or else a state f(rc))m which further mea-
. . . —(2) —(1
The state is permuted, which has the effect of reassigning thigirement will project intd= ) or |Z,,") up to global phase.
phases Noting that one set of the phases 0p—2i6, —-3i6, —4i 0,

-5i9, —6i6, —7i0 is available, the permutation can be con-
structed so that the 4-qubit measurement outc{@né Eq.

1 . . _
Ep > —=(/000 +e7001) + #7010 +e*’01 ;
o) Hz\s’z(' 0 +e’00D 010 012 3.1 is

—i0 —2i 0] ~i 6 —2i0
+e71100 + 110D + €110 + €ILLD) }|0)® i_(|0>+e‘i9|1>+e‘2”’|2>+e‘3”’|3>+e‘4”’|4>
4 \;"8

(3.9
‘ . . . 1

0 e—|01 0 1 + —5i 6 + —6i 6 —7It97 == 5(3) . 1
:('%®|E<;‘>>)+(#®(',—2®|E<;>>+',—2 e5) + e 6)e 7)) = [0 9 |Z). (312
V2 V2 V2 V2

The following phases:
=(1)
®[5 >)> @310 o 0 -ig -2i0 -36 -4ig 5060 -66 -Tig

Equation(3.10 shows that a measurement on the fitsft- m O 6 20 34 34 20 6 0
most in the right-hand side of the previous equatiqobit
would either giqu(HZ)> upon measurement outcon@®, ora  remain unassigned in the permutation. It can be seen that the

state on measurement outcofg which can be reduced to terms associated with the 4-qubit measurement outdajne
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(3 P = . .
cannot constltutéa:(g)% as the requisite phases have alreadyand the overall, permuted statg,); is given by
been allocated to the terms associated with the measurement

outcome|0). However, allocation of the phasesé:-—2i#, ~. 1 —@n, 1 1 o= (2)
-3i6, and —-46 and also -89, —4i 6, -5 6, and -60 allows Bon= 4|O> @ =g+ 4k§::1|k> ® \,E(|0> ® e =)+
the permutation to be designed such that the 4-qubit mea-
surement outcomgl) is

7

13
e 1 O+ D) 20z
® e 3|0|:592)>) + ZE |k> ® (,’—E ®e 2I€|:(02)>
%|1> ® Tlé(e_i0|o> + e—2i0|1> + e—3i0|2> + e—4i9|3> + e—3i0|4> k=8 \
v

15
1 0y +[1) +2) + |3>> 3
. . . +=> ke ® 35y,
+e—4|0|5>+e—5|0|6>+e—6|0|7>) 2k:214| > ( 2 | 0 >

1 1 i ] — —3j G| =~
= Z|1> ® 7§(|O> ®e2@)+ 1) 0 e¥E?)). (3.13
AY

(3.19

The probability of the preprocessing procedure, following

A further measurement of the left-most remaining qubit will _the 4-qubit measgrg)ment in the computational basis, produc-

: - L ing the outcomd=}") is 1/16, that of producing outcome
project the state of remaining qubits |r15(2)> uptoaglobal | 3, . 0 i )
phase ofe™? or 3%, The remaining phages are |:(02)> is 13/16, and that of producing outcodﬁﬂ,”) is 1/8.
The overall probability,p, then, of achieving the rotation

-ike 0 -6 -2i6 -3i6 -4i6 -5 -6i6 -7ie U(#) from the starting staté=,®’ by preprocessing and
then input of the preprocessed state into the VMC or HZB
m 0 5 19 32 32 19 5 0 processors, is

The same allocation can be performed for the 4-qubit mea- o= (Z y i) N (§ y 1_3> . (} % }) _93
surement outcomef?) to |6). The remaining unallocated 8 16 4 16 2 8/ 128
phases are (3.17)

-ike 0 -0 -2i6 -390 -4i0 -5 -6i0 -7i@  which is the same as the iterative or single-shot procedures
outlined in Secs. Il A and 1l B, as can be confirmed with
m 0 0 14 22 22 14 0 0 the use of Eq(3.1). It should be noted that the permutation

o ) . outlined above is not unique, and that other permutations
and it is therefore possible to construct the permutation s@g 4 be devised to achieve the same overall success prob-

that the measurement outconi@sto |13) are ability.
1. 1 - i . >
Z|J> ® \*'_23(6 290y +€731) + e Y2) + €73) + e72%4) 3. Preprocessing with N copies of the program stdE,)
The equivalence of the iterative, single-shot, and prepro-
+ e 395) + g496) + £7597)) = }|j> ® (M) cessing schemes can be shown to be true in general for states
4 V2 of N=2%-1, X=1,2,...copies of|=,), as described in the
4 ) Appendix, so that the overall success probability from a pre-
®ed9=2@y: j=7,...,13. (3.14 PP P y P

processing of the stal& )*N as described above, followed
Any measurement on the left-most remaining qubit project®y input of the result of the preprocessing into a VMC or

into the statee—zia|502)>_ Finally, the remaining phases HZB processor, is the same as that in E21), i.e.,
. . . . . . i i 1 N
-ike 0 -6 =26 -3 -4i0 -56 -6 -T7i6 :1——< ) 3.18
P=27M\ (n=1)2) (3.19

m O O 0 8 8 0 0 0
and thus we see that the use of the VMC or HZB schemes

are allocated to the 4-qubit measurement outcofbésand holds no advantage in terms of overall success probability
115) as when we are constrained to start wifE,)®N. This is the

main result of our paper.

1 1 . ‘ . 4 .
_||> ® —/—(6_3'0|0> + e—4| 0| 1> + e—3|0|2> + e—4| 0|3> + e—3| 0|4>
47 8 IV. CONCLUSION

+e15) +e76) + e77)) If we have no reason to assume that previous operations
|0) +|1) +|2) + |3) _sig=(D) have produced a program stéﬁg\'))ﬁ, then it is reasonable
2 ® e Ey), (3.19 to assume that we only have access to copies of the basic
program statd=,); in this case there is no advantage, in
with 1=14,15. A measurement of the two left-most remain-terms of probability of success, in using the more sophisti-
ing qubits will project the remaining qubits into the state cated VMC and HZB schemes to execute the desirét) U
e‘SiHIE(f,l)). Thus, the permutation construction is completeoperation because what we gain from those schemes we lose

:%|14>®(
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in producing the correct input program state. It appears that x 2X-1
all strategies, in practice, give the same probability of suc- > > |ai'<t|2: 1, (A3)
cess in executing the desired1) rotation on a qubit. There I=1 t=0

may, however, be contextual advantages to the preprocessing

scheme, for example, if the program state is to be teleportegnd we note that not all of tmf need be nonzero. In addi-

L%?erer?gtigggig%n bri]:)a:ﬁse)t(ﬁgﬂﬁen gmte)e?rg?ra&;n? ttg'ﬁion, these coefficients have to be such that the measurement
» preprocessing . d lgn‘lfjtcomes subsequent to the initMtqubit measurement are
transported is significantly lessened, which would be helpfu

if teleportation resources are scarce. On the other hand, %Stangled with a particular eventual outcome, i.e., one of the

N . ; Y, so that if we measure the initid qubits, then carry out
teleportation is unreliable but teleportation resources are n st;)me more measurements, the final measurement out€ome
scarce, it might be better to teleport the copies of the basige '
program state as is, because the effect of losing a program
qubit is not so great as in the case of sending the Preprq,
cessed states. . o .. for |E,)®, which is to say, first one of each phase is allo-

It is an open question as to whether a similar situation — (X

i =) .
holds for the execution of the most general unitary operapated to the 2 terms that will produce=,,”) upon one out

; : : come of the measurement of tMeleft-most qubits. Follow-
a%r]::, [olnﬂ:;\ qubit, the S(2) operations(see, for example, ing that, phases i4--~21@ and -(21—1)6---i(2¥
I -2)6 (that was +60 to —4if# and —360 to —6i6 in the X=3,
ACKNOWLEDGMENTS N=7 exampl¢ are allocated to sets of*2' terms until the
o ) ) ) phases ) and -(2X-2)¢ are exhausted, and then phases
We thank Mar[o Ziman for useful dlscussmns_. This w_ork -2i9---—(2*"1+1)ig and «2%"1-2)ig----i(2*-3) are allo-
was supported in part by the European Union projectgated, etc., until there are only2-2 different phases left
QGATES and CONQUEST, and by the UK Engineering a”davailable(the “middle” 2"1-2 phases if laid out as in the
Physical Sciences Research Council. tables of Sec. Ill ¢ These groups of terms will be those that
realize|E(6X_1)> postmeasurement. Following this, the proce-
dure is to allocate groups of*Z phases so as to create
We have seen how the preprocessing scheme works fafroups of terms that will realiz¢=!"?) postmeasurement,
|E»®2 and|Z,)®7, and that it produces the same probability and so on, until the last remaining phase2X1-1)6 and
for success as the one-shot and iterative schemes with theyX-1jg are allocated to the terms that will produk%ﬁ,”)
same starting states. The general scheme for preprocessiggstmeasurement.
2X-1 copies of the basic program state, whirés an inte- The key facts here are that all of the phases can be allo-
ger, is an extension of the method used in Sec. Ill C. Giverzated in this way to a group of terms associated, postmea-
E %% 1, the best VMC and/or HZB program state that cansurement, with the realization of a stadfe(6)s), where's
be produced istE(ex)x because the phases start at 0, rise in<X, as a little thought will show. Furthermore, with the
increments of +9, and the largest phase iE H>®2x—1 is phases allocated in this way, every group of phases allocated
~i(2%~1)6, which is also the biggest phase|B\"), where ~ contains the middle two phasesi(2*~*-1)¢ and ~2"i¢.
the phases also rise in increments o from a phase of 0. Thus, the number of groups of phas#, is equal to the
The strategy will be to permute the phases on thelzerms ~ number of terms ifiE,)®* ~* that have phasei(2*™*~1)6 or

in |=,)%2"L, where the number of terms with each phase i ~2i0, e,

=P , phase is

binomially distributed, in a useful way and then measure the

left-most M=2X-1-X qubits to project into a remainder X_1

X-qubit state which will betE((,X)> or some other state which, W= <(2>< B 2)/2) .

upon further measure(ments of left-most remaining qubits,
—(r

will be projected intcnlz,,)), wherer € {1,2,... X-1}, up to
a global phase, as was the case in the examples in Sec. lIli€ the number of groups corresponding (&(6)s), is W,

lIs us what VMC and/or HZB program state we have.
The allocation of phases in the construction of the permu-
ion is done in the same way as was shown in some detail

APPENDIX: PREPROCESSING SUCCESS PROBABILITY

(A4)

for X=2 andX=3, i.e., the permutation achieves then, because each individual phase from the terms in
X, .
%1 My |E,®% ' is allocated to one of these groups
1 o 1
= ) =3 [KWelks). (A1)
\ 22X‘1 j=0 VoM o X oX_ 1

. . W,=W= . A5

The X-qubit stategk=) are given by gl s ((zx_ 2)/2> (A5)
X 2¥1-1
— k =1(
[ke) = ;1 Zt) ai(|ty ® [E9)), (A2)  aAdditionally, because all of the?2™! terms in|= ,)®2* end

up permuted into one of these sets, and because each set of
where thet) are(X-1)-qubit computational basis states, nor- form IE(;)> contains 2 terms, withWs sets of formIE(;)> and

malization requires that s different types of set, then
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X

> W, = 220,
s=1

(A6)

The probability,qg, that the final result |$”(S) following
measuremefd), can be expressed in terms\6k. It is equal
to the number of terms that belong in sets of onchf)
divided by the total number of terms, i.e.,

25W,
2%~

ds= (A7)

Each staté”(s> will, if it is the outcome of the calcula-

tion, succeed in the VMC and/or HZB scheme with a prob-

ability ps given by

(A8)

from Eq.(2.7).
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X

P= 2 Pl = (2><1)(EZSVV EW)

o, L ( 2*-1 )
T @\ (2%-2)12)"

where the last step was achieved using E48) and (A6).
The total number of basic program qubik, is given by

N=2X-1, (A10)
and substituting this into EGA9), the overall probability of

This is the same result as for the single-shot and iterative
procedures ofZ ,)®N, and so preprocessing gives the same
overall probability of success as in those cases and the result
is proved. Although this calculation is based on a specific
method of allocation of the states, it will be true for any
permutation allocation that places all of the phases in the

(A9)

p=1 (A11)

The total success probabilitypy, from preprocessing state|=,)®2* into a grouping that produces a St 0) ),
>®2 1 followed by the input of the resulting state as the s<X and in which each grouping contains the two middle

program state into the VMC and/or HZB scheme, is

phases, i.e., the phase§2*™1-1)0 and -2"%i 6.
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