acta physica slovaca vol. 49 No. 2, 151 Ű 158 April 1999

OPTIMAL ENCODING OF PHASE INFORMATION IN TRAPPED IONS^∗

V. Bu“zek^{†‡1}, R. Derka^‡ † Institute of Physics, Slovak Academy of Sciences, Dťubravskťa cesta 9, 842 28 Bratislava, Slovakia ‡ Faculty of Mathematics and Physics, Comenius University, Mlynskťa dolina F-1, 842 15 Bratislava, Slovakia

Received 14 October 1998, accepted 1 December 1998

We propose a speci^c preparation of a set of N two-level ions (i.e., the collective state Ω̂ of these ions) in which the information about the phase can be most optimally encoded. The phase ψ in this context refers to a continuous parameter ψ ∈ ⟨0, 2π⟩ which labels different points along the evolution path of a given state Ω̂ of the N-ion system described by a unitary one-parametric group U(ψ) = exp{−iψĤ}. The optimality of the preparation of the given quantum system means that using the optimal measurement scheme the phase ψ encoded in the system of N two-level ions can be ŞextractedŤ (decoded) with the highest mean ^delity.

PACS: 03.65.Bz, 03.67.-a

Recent technical advances in laser cooling and trapping (for a detailed review see the report by Wineland et al. [1]) improved limits with which coherent manipulations with trapped ions can be performed. Apart of various interesting physical and technical applications (such as, quantum information processing, or improving the high-precision spectroscopy) these techniques also allow us to test fundamental concepts of the quantum theory. In particular, much deeper insight into the problem of quantum statistical model of measurement can be obtained.

In this paper we study the problem of the optimal phase estimation from an ensemble of N atomic ions. Speci^cally, we show that there exists the state of the set of N ions in which the phase information can be most optimally encoded. To understand the problem more clearly, we remind us that the indeterminism of the quantum statistical model of the measurement implies that having just a single set of N two-level ions there is no measurement by means of which the state of the system can be identi^ed precisely (providing we have no a priori knowledge about the preparation of the state). The best we can do is to estimate the state of the quantum system based on the measured data [2, 3]. At this point we can ask a question what is the most optimal measurement which provides us with the best estimation of the state of the measured system. In our previous work [4] we have addressed this problem. In particular, we have proposed an

�Dedicated to Jťan Pi“sťut on the occasion of his 60th birthday. 1E-mail address: buzek@savba.sk

0323-0465/99 © Institute of Physics, SAS, Bratislava, Slovakia 151 algorithm for a construction of the ^nite positive-operator-valued-measure (POVM) measurement, which provides the optimal (best) estimation of certain parameters associated with states of quantum systems. More precisely, these parameters correspond to given symmetry groups.

As an example, one can assume the position measurement which is connected with the group of translations, or the measurement of an angle of the orientation associated with the group of rotations. In this last case one estimates the continuous parameter ψ ∈ ⟨0, 2π⟩, which parameterizes the group of rotations U(1). To be speci^c, following Wineland et al. [1] (see also [5]) let us assume an ion trap with N two-level ions initially prepared in the ground internal state |Ψ⟩ = |0⟩ ⊗ . . . ⊗ |0⟩. (1) A Ramsey pulse of the frequency ω is applied to this collection of ions in the trap. The pulse shape and its duration is chosen so that it drives the atomic transition |0⟩ ↔ |1⟩ of the natural frequency ω_0 and as a result, each of the ion is prepared in the superposition state |ϕ⟩ = (|0⟩ + |1⟩)/ √ 2, that is the system of N ions is in the state Ω̂ Ω̂ = ρ̂ ⊗ . . . ⊗ ρ̂, (2) where

ρ̂ = 1 2 (|0⟩ + |1⟩) (⟨0| + ⟨1|) . (3)

Next the system evolves in time along the path generated by the unitary transformation U(ψ) = exp{−iψĤ} where the Hamiltonian for each single ion is given by the relation Ĥ_j = E_0|0⟩_j ⟨0|+ E_1|1⟩_j ⟨1| (the subscript j indicates the j-th ion). The task is to estimate the phase ψ ŞencodedŤ in the state U(ψ)^NΩ̂U^{N†}(ψ). In Ref. [4] we have shown how the optimal measurement for the best estimation of the phase ψ can be constructed (see below). The question which we want to address in the present paper is how to choose the ŞreferenceŤ state Ω̂, so that the information about the phase is most optimally encoded into the ionic system. As we will show later the reference state (2) is not the optimal one. In what follows we will present the most optimal reference state Ω̂.

To proceed we ^rstly note that the family of operators U(ψ) composes a particular unitary representation of the U(1) group whereas the initial (reference) state Ω̂ speci^es the particular orbit in the space where this representation is acting. In our particular case the representation corresponds to a direct sum of irreducible representations of the form (0)⊕(1)⊕. . . (N) which act in the N +1 dimensional space H^{⊗N}_+ spanned by basis vectors |m⟩, m = 0, 1, . . . N. These basis vectors are completely symmetrized states of N two-level ions with m ions in the ground state and (N −m) ions in the upper level. Obviously, the total Hamiltonian is invariant under an arbitrary permutation of the ions, therefore it always effectively acts in the (N +1) dimensional space of the representation considered above.

Optimal estimation As shown in the detail in Ref. [4] our task is to design the most general POVM, mathematically described as a set {Ô_r}^R_{r=1} of positive Hermitian operators such that ∑ r Ô_r = ^1 [6, 3], which when applied to the system of all N ions provides us with the best possible estimation of the parameter ψ associated with the rotation U(ψ). We quantify the quality of the state (parameter ψ) estimation in terms of the mean ^delity [2] which in the case of the reducible representation under consideration can be written as

f̄ = ∑ r ∫_{2π} 0 Tr[Ô_r U^N (ψ)Ω̂U^{N†}(ψ)]f(ψ − ψ_r) dψ 2π , (4)

with the cost function f(ψ − ψ_r) chosen as [2, 4]

f(ψ − ψ_r) = Tr[U(ψ)ρ̂U^†(ψ) U(ψ_r)ρ̂U^†(ψ_r)] = cos^2 Δψ 2 , (5)

where Δψ = ψ − ψ_r and the single-ion state ρ̂ is given by Eq. (3). In Eq. (4) U^N (ψ) is a new representation of the same group U(ψ) equivalent to the N-fold symmetrized direct product [7] of the original representation U(ψ). Here U^N (ψ) transforms the (N +1)-dimensional reference state Ω̂ and ψ_r represents our estimation of the phase when the result O_r has been measured. In order to specify the most optimal measurement we have to determine the operators Ô_r such that the mean ^delity (4) is maximized.

As shown in Ref. [4] the optimal phase estimation scheme corresponds to the von Neumann measurement speci^ed by the set of mutually orthogonal projectors

P̂_j = |Ψ_j ⟩⟨Ψ_j |, (6)

where the Şphase statesŤ |Ψ_j ⟩ are speci^ed as

|Ψ_j ⟩ = 1 √ N + 1 N∑ m=0 e^{iθj m} |m⟩, (7) and |m⟩ are the completely symmetric states of ions. The parameter θ_j reads

θ_j = 2π N + 1 j. (8) It is interesting to note, that when forming from the optimal POVM (6) the Hermitian operator

Φ̂ =^N ∑ j=0 θ_jP̂_j , (9)

(the guesses prescribed to different measurement results are in the place of corresponding eigenvalues) we obtain exactly the Pegg-Barnett Hermitian phase operator [8]. From Eqs. (6) and (7) it follows that

Φ̂|Ψ_j ⟩ = θ_j |Ψ_j ⟩, (10)

which is the reason why one might call |Ψ_j ⟩ as the phase states.

We remind us that the optimal POVM (6) has been established in two steps: First the solution of the following system of equations was found [ F̂ − L̂ ] |Ψ⟩ = 0; |⟨m|Ψ⟩|^2 = 1; ∀m, (11) where the operator F̂ is calculated as F̂_{m,n} = ∫_{2π} 0 dψ 2π [Ω̂]_{m,n} 2 e^{iψ(n−m)} (1 + cos ψ) = [Ω̂]_{m,n} 4 (2δ_{m,n} + δ_{m,n+1} + δ_{m+1,n}) , (12)

and re~ects the structure of the reference state Ω̂ into which during the evolution the phase ψ is encoded. Second, the optimal POVM (6) was uniquely constructed from the solution for |Ψ⟩ determined by the system of equations (11). The mean ^delity f̄ quantifying the quality of the estimation was given as the trace Tr[L̂] of the diagonal operator L̂.

In the particular case when the initial (reference) state Ω̂ has the factorized form (2), i.e. its matrix elements read

[Ω̂]_{mn} = √ (^N_{−m})(^N_{−n}) 2^N

, (13)

the optimal mean ^delity f̄ is given as the sum

f̄ = 1/2 + 1/2^{N+1 N−1} ∑ i=0 √ (^N_i )(^N_{i+1}) (14)

(see the dot-dashed line in Fig. 1). We note that the optimality of the measurement scheme (6) is universal and independent of the choice of the reference state Ω̂ ∈ H^{⊗N}_+ . Obviously, the particular value of the mean ^delity depends on Ω̂.

Optimal reference states Now it is legitimate to ask another question: Which state one has to select as the reference state Ω̂, if he wants to use it as an ideal carrier of the information about ψ? That is, given the number N of trapped ions which ^xes the form (0) ⊕ (1) ⊕ . . . (N) of the representation of the group U(1), which state Ω̂ provides us with the highest mean ^delity f̄ of the subsequent optimal estimation.

To answer this question we have to assume the most general pure state |α⟩ = ∑_N m=0 α_m|m⟩ in the (N + 1)-dimensional Hilbert space H^{⊗N}_+ , with the corresponding density matrix Ω̂ speci^ed by its matrix elements [Ω̂]_{mn} = α_nα^∗_m. The goal is to determine the numbers α_n so that the solution of the system of Eqs. (11) and (12) provides the maximal mean ^delity f̄ = Tr[L̂]. First we note, that there is no need to assume that α_n are complex. One can always make them real by rede^ning the basis vectors |m⟩. This rede^nition would have no in~uence on any of the previous conclusions. It is straightforward to formulate mathematically the problem as the maximization of the mean ^delity f̄(⃗α) =^1_2 (1 + ∑_{N−1} i=0 α_iα_{i+1}) with the normalization condition ∑_N i=0 α^2_i = c(⃗α) = 1. This leads to a system of Lagrange equations^∂_{∂αi} (f̄ − λc) = 0.

They can be explicitly written as

4λ α_0 α_1 α_2 . . α_N = 0 1 0 . . . 0 1 0 1 . . . 0 0 1 .. . .. . . . . . . . ... 0 1 0 0 . . . 1 0 α_0 α_1 α_2 . . α_N . (15)

Fig. 1. We plot the mean ^delity f̄ as a function of the number N of the trapped ions. The dot-dashed line corresponds to estimation based on the non-entangled reference state given by Eq. (2), while the dashed line shows the mean ^delity for the phase state (7). In this particular case one can ^nd a simple analytical expression, i.e. f̄ = 1 − 1/[2(N + 1)]. The solid line corresponds to the optimal choice of the reference state obtained as the solution of Eq. (15).

Among the N +1 different solutions we select that eigenvector ⃗α which corresponds to highest eigenvalue λ_{max}. This is because we are looking for the global maximum of the mean ^delity which is given as

f̄ = 1 2 + λ_{max}. (16)

In Fig. 1 for comparison we plot the mean ^delity f̄ of the estimation of the phase for three different reference states Ω̂: the product state (2), the phase state (7) and the optimal state given as the solution of Eq. (15). We see that even for a relatively small number of trapped ions the phase ψ can be estimated with a very high ^delity. It is also interesting to note, that to reach a speci^c value of the ^delity close to unity one needs signi^cantly more atoms prepared in the reference state (2) or the phase state (7) than when the optimal state (15) is considered.

In conclusion we would like to make three comments. Comment 1.

The Lagrange equation (15) can be expressed as the eigenvalue equation of the form 4λ|α⟩ = ( Â + Â^† ) |α⟩, (17) where the operator Â reads

Â =^N ∑ m=1 |m − 1⟩⟨m|. (18)

We note that the exponent of the phase operator Φ̂ (9) can be expressed as [9]

exp(iΦ̂) = N∑ m=1 |m − 1⟩⟨m| + |N⟩⟨0|. (19) We see that it differs from the operator Â by the term |N⟩⟨0|. This difference results in the fact that the most optimal phase-information carrier in the case of N trapped ions is not one of the phase states |Ψ_j ⟩ given by Eq. (7) [i.e. eigenstates of the phase operator Φ̂ (9)] but the state obtained as the solution of Eq. (15) with the maximum value of λ. Obviously, the reason is that we consider the phase ψ to be a continuous parameter rather then a discrete parameter θ_j given by Eq. (8). Comment 2.

For large enough number N the mean ^delity f̄ is close to unity and using the expression for the cost function (5) we can simply relate f̄ to the mean variance Δψ in the phase distribution, i.e. f̄ = cos^2(Δψ/2). The mean variance Δψ itself can be associated with the precision with which the time estimation can be performed via the phase measurement described above. In this case the mean variance of the time distribution Δt is

Δt^2 =

(Δψ)^2 ω^2 ≃ 4(1 − f̄)

ω^2

. (20)

At this point we can derive a qualitative time-energy ŞuncertaintyŤ relation which relates the maximal internal energy difference in the system of N trapped ions, i.e. ΔE = Nh̄ω, and the mean variance in the time (phase) distribution:

U = (ΔE)^2Δt^2 = 4(1 − f̄) h̄^2N^2. (21)

We plot this parameter as a function of N in Fig. 2. From the ^gure it is seen that for the product state (2) and the phase state (7) the precision in the time estimation is scaled as Δt ≃ 1/ √ N. On the other hand for the optimal reference state (15) we have Δt ≃ 1/N which is re~ected by the fact that the corresponding uncertainty parameter U (solid line in Fig. 2) is constant. This once again illustrates the ef^ciency of the phase encoding into the optimal reference state (15) and the optimality of the proposed phase measurement. Comment 3.

For a practical realization of the presented optimal phase estimation with trapped ions one has to keep in mind two important points. Firstly, it is a problem of the preparation of the reference state Ω̂. The coherent manipulation (preparations) with trapped ions is one of the main tasks in trapped-ions experiments. The present state of the art is very promising [1, 10] and it can be expected that for systems with the moderate number of trapped ions this will be feasible and an arbitrary state |α⟩ in the Hilbert space H^{⊗N}_+ would be possible to prepare. Once this is possible then it is enough to leave the system to evolve freely so the phase can be accumulated (encoded). The other problem then is how to construct the projective measurement (6). We note that to perform this projective measurement it is necessary to know how to perform a projective measurement associated with the projectors |m⟩⟨m|. That is, it is necessary that we are able to perform a measurement of the number of excited ions in the given state. Exactly this type of the measurement has recently been considered by Turchette et al. [11]. Obviously, there is still

Optimal encoding of phase information in trapped ions 157

Fig. 2. We plot the uncertainty measure U as a function of the number N of the trapped ions. The dot-dashed line corresponds to estimation based on the non-entangled reference state given by Eq. (2), while the dashed line shows the mean ^delity for the phase state (7). The solid line corresponds to the optimal choice of the reference state obtained as the solution of Eq. (15). We see that in this case U is approximately constant and does not depend on N (we assume h̄ = 1).

a long way before the optimal estimation of phase ŞencodedŤ in a ^nite ensemble of trapped ions would be possible to perform. In this paper we have considered the optimal scenario for this particular task.

Acknowledgments We thank Serge Massar and Lev Vaidman for helpful discussions and correspondence. This research was supported by the Royal Society and the Slovak Academy of Sciences.

References

[1] D.J. Wineland, C. Monroe, W.M. Itano, D. Leibfried, B.E. King, D.M. Meekhof: Experimental issues in coherent quantum-state manipulation of trapped atomic ions, Los Alamos e-print archive quant-ph/9710025 (to appear in Journal of Research of the National Institute of Standards and Technology) [2] A.S. Holevo: Probabilistic and Statistical Aspects of Quantum Theory (North-Holland, Amsterdam, 1982), p. 163 and references therein [3] C.W. Helstrom: Quantum Detection and Estimation Theory (Academic Press, New York, 1976) [4] R. Derka, V. Bu“zek, A.K. Ekert: Phys. Rev. Lett. 80 (1998) 1571 [5] S.F. Huelga, C. Macchiavello, T. Pellizzari, A.K. Ekert, M.B. Plenio, J.I. Cirac: Phys. Rev. Lett. 79 (1997) 3865 [6] A. Peres: Quantum Theory: Concepts and Methods (Kluwer Academic Publishers, Dodrecht, 1993). [7] A.O. Barut, R. Raczka: Theory of Group Representations and Applications (World Scienti^c, Singapore, 1986) [8] D.T. Pegg, S.M. Barnett: Europhys. Lett. 6 (1988) 483

158 V Bu“zek, R Derka

[9] V. Bu“zek, A.D. Wilson-Gordon, P.L. Knight, W.K. Lai: Phys. Rev. A 45 (1992) 8079 [10] C. Monroe, private communication.

[11] Q.A. Turchette, C.S. Wood, B.E. King, C.J. Myatt, D. Leibried, M. Itano, C. Monroe, D.J. Wineland:

Deterministic entanglement of two trapped ions, Los Alamos e-print archive quant-ph/9806012