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why QMA & QMA,
puzzles and (quantum) proofs

what can we hide in ground states
local Hamiltonians & Kitaev

when clocks tick
pulses, walls, surfers & switches

which path will we take?
both, but the order matters

where could we be tricked?
nowhere, it works soundly



the puzzles
of QMA



A cryptarithmetic puzzle

[wwwi.iread.it/cryptarithms.php]






The MA protocol

Did dinosaurs exist?



The MA protocol

Did dinosaurs exist?

[wooden animals: Imagination Kids Toys]



The MA protocol

Did dinosaurs exist?

YES?
Eager to be
convinced.

[magnifying glass: hilllllall]



The MA protocol

Recognizing fakes?




The MA protocol

Recognizing fakes?

NO?
Don't be
fooled
easily.



Probabilistic checks

Accept
a fake?

Sometimes reject
a genuine proof?



Perfect completeness
YES?

Accept some
proof without
any doubt.

Never reject
a genuine proof?



NO?

Still don't
get fooled
easily.

YES?

Accept some
proof without
any doubt.

< MA,




A Hamiltonian cycle problem




A Hamiltonian cycle problem




A Hamiltonian cycle problem




The QMA protocol

__ JOE=N

0)

YES? Accept a good proof with p>a. |

NO?  Probability of accepting p< b.



The QMA, protocol: perfect completeness

¥)
0)

YES? Simply accept a good proof.

NO?  Probability of accepting p< b.

/i

|
|
"

0/1




quantum sat
ground states
computation




Quantum k-SAT Can we make
everybody happy?

GHZ)(GHZ|

1100 + 010 + 001)(100 + 010 + 001

m k-local
projectors

000) (000



Quantum k-SAT

Hj
(J1,--50K)
W}p) = 0



Computation histories A pointer & data.




Computation histories A pointer & data.




The history state is a ground state Local Hamiltonian

k_ [OCG[ clock encoding

state progression
c-0-n-d-i-t-i-0-n-s S
initialization

[.--000---0) ® |0) d

o) @ |t)
(Pry1) @ [t + 1)

‘whzst> \/7 Tt 0 ‘(Pt> & ‘t>

E————




The history state is a ground state Local Hamiltonian

k_ [OCG[ clock encoding

state progression
c-0-n-d-i-t-i-o-n-s
output

|- 1) @ |T)

o) @ |t)
[ory1) @ [E+ 1)

‘whzst> \/7 Tt 0 ‘(Pt> & ‘t>

ES———y—




Checking proper computation Antisymmetry checks.

m uniform superpositions: zero-energy eigenstates

t 0+ 1]

_I_

1) :1[ L ‘1]

1
5 (
—% (Ut—|—1 ® |t +

D)t + Ul r1)

—1 1

a projector

[ |oe) ®

pe+1) ®

t+1ﬂ

‘whzst> \/7 Tt 0 ‘9075) & ‘t>

ES————




QMA-complete problems

Lo a global minimum
6-0-6-
006
hd 44
[Oliveira, Terhal '04]

> . Hiir, -0-0-0-0-0-0-

[Hallgren, Nagaj, Narayanaswami "13]






QMA-complete problems @

]( 0-
-0-0-0-0-0- )_9\

[Nagaj '08]

[Moses, Nagaj '07]

uUnfrustrateo

[17 QSA




QMA-complete problems @

]< 0-
-0-0-0-0-0- }_g\

[Nagaj '08]

[Moses, Nagaj '07]

95
9 unfrustratec

/
[Eldar, Regev '08] q S / \




QMA-complete problems @

]( 76-
-0-0-0-0-0- )_9\

[Nagaj '08]

|Gosset, Nagaj '13]

95
9 unfrustratec

/
[Eldar, Regev '08] Q S / \




Circuits & ground states

97‘@\

an unfrustrated instance
of quantum 3-SAT

%(a—l—ibﬁ— \/§c+z’x/§d)

CNOT H&T

a verifier circuit with a perfectly accepted witness



Circuits & ground states

97‘@\

a frustrated instance
of quantum 3-SAT

CNOT H& T

a verifier circuit which doesn't like to accept anything




a clock workshop



Constructing clocks
m the domainwall —@-@~ )

) = 12)
— 11000}

m the ground state of

01)(01]




Constructing clocks
m the domain wall Oz050:020

) = [5)
— [11111)

m the ground state of

01)(01]




Constructing clocks
m the domainwall —@e~e transitions: 3-local

) = |3)
11000)

m joining clock |1OO — 110><1OO — 110‘

states by
transitions?

m the ground _|_‘2>—|—|3>—|—

state



Constructing clocks

m the domainwall —@~e-(@~ - — transitions: 3-local

2-qubit gates:  5-local

standard in QMA
hardness proofs

L[+ 1)+ 1]+ [£) ()
—3 (Ut+1 ® [t + 1) + UtT+1|t> (t+ 1‘)



Constructing clocks

m the domainwall —@<e-(@~ * — transitions: 3-local

2-qubit gates:  5-local

standard in QMA
hardness proofs

m the pulse —O-O-O-Oe—



Constructing clocks
m the domainwall —@~e-(@~ transitions: 3-local

2-qubit gates:  5-local

10|1
standard in QMA
hardness proofs
m the pulse —OHO< @~ )— transitions: 2-local
1111 2-qubit gates:  4-local

m joining the states
by projectors

01 — 10)(01 — 10|




Constructing clocks
m the domainwall —@~e-(@~ transitions: 3-local

2-qubit gates:  5-local

10|1
standard in QMA
hardness proofs
m the pulse —O-O-O-O)—  transitions: 2-local

2-qubit gates:  4-local

needs initialization!



Constructing clocks

m the domain wall _@_@_@_0_0_ transitions: 3-local

2-qubit gates:  5-local

- q standard in QMA
. hardness proofs
‘W

q
m the pulse '.-O—C,O—O— transitions: 2-local
4

2-qubit gates:  4-local

'. .eds initialization )-:

'~ '.
" theconr 2-locally? ‘S ‘Q



a clock for
Q-3-SAT
"%




Constructing a composite clock with 2-local progress

111100000000
111110000000
111111000000
111111100000
111111110000
111111111000
111111111100
1111311111110



111
111
111
111
111
111
111
111

100
110
111
111
111
111
111
111

000
000
000
100
110
111
111
111

Constructing a composite clock with 2-local progress

000
000
000
000
000
000
100
110



Constructing a composite clock with 2-local progress

111 100
111 110

111 111
111 111

111 111
111 111

000
000

100
110

111
111

000
000

000
000

100
110



100
‘o1

, 100
‘o1

100
110

100 100
o111 O111L

100
‘o1

100

100
‘o1

100

‘o111 ‘o1

100

100

‘o111 ‘o1

000
000

100
110

100
‘o1

100
‘o1

Constructing a composite clock with 2-local progress

000
000

000
000

100
110



100
‘o1

., 100
‘o1

110
101

100 100
o111 O111L

100

100

Oll Oll

., 100

RN OO

‘o111 ‘o1

RN OO

RENOLO

‘o111 ‘o1

000
000

110
101

100
‘o1

100
‘o1

Constructing a composite clock with 2-local progress

000
000

000
000

110
101



Constructing a composite clock with 2-local progress

22 110 000 000

22 101 000 000
+ 6112 o2z 110 000

o112 o212 101 000

+ o011 ‘o011 ‘o1

611 ‘011 'o1a 101



Constructing a composite clock with 2-local progress

+

622 110
o2a 101

100 (100

O11 O11L

400 100
‘o111 o1

100 100
‘Oo11 o1

100 100
‘O11 o111

000

000
110

101

100
‘o111

100
‘o1

000

000
000

000
110

101

©-O-O0

200008

0202020



Constructing a composite clock with 2-local progress

+

622 110
o2a 101

100 (100

O11 O11L

400 100
‘o111 o1

100 100
‘Oo11 o1

100 100
‘O11 o111

000

000
110

101

100
‘o111

100
‘o1

000

000
000

000
110

101

©-O-O0

200008

0202020






A composite clock with 2-local progress & 1-local id

622 110 000 000 000 000 000 10000

522 101 000 000 000 000 000
521 o221 110 000 000 000 000

622 oza 101 000 000 000 000 4171000
531 o112 o2z 110 000 000 000

399 899 9% 101 000 000 000 17100

399 3399 829 3%% 110 000 000

532 611 oxa o2 101 000 000

535 595 537 525 2% 110 000

537 611 6711 o1 oaxax 101 000 11110

11000

11100



A composite clock with 2-local progress & 1-local id

622 110 000 000 000 000 000 10000

522 101 000 000 000 000 000
511 o1a 110 000 000 000 000

329 322 101 000 000 000 000 11000
399 329 292 110 000 000 000

525 535 577 101 000 000 000 171100

399 3399 &%% 3%% 110 000 000

532 635 o1a o212 101 000 000

535 595 537 525 525 110 000

537 611 6711 o1 oaxax 101 000 11110

11000

11100



A composite clock with 2-local progress & 1-local id

622 110 000 000 000 000 000 10000

522 101 000 000 000 000 000
511 o1a 110 000 000 000 000

329 322 101 000 000 000 000 11000
399 329 222 110 000 000 000

399 899 9% 101 000 000 000 17100

399 3399 &%% 3%% 110 000 000

532 635 o1a o212 101 000 000

535 595 531 525 625 110 000

537 611 6711 o1 oaxax 101 000 11110

11000

11100



A composite clock with 2-local progress & 1-local id

622 110 000 000 000 000 000 10000

522 101 000 000 000 000 000
511 o1a 110 000 000 000 000

522 o2z 101 000 000 000 000 4171000
5313 o213 o2z 110 000 000 000

299 292 332 101 000 000 000 11.00
399 3399 829 3%% 110 000 000
O11 O11 O11 o111l 101 OOO OOO 11')0

535 595 531 525 625 110 000

100 100 100 100 100 101 (00 11.10

11000



m advance
the clock

m apply
a 2-qubit
gate

Constructing clocks

m telling wha
orewrat 1-locally

2-locally
3-locally

?



Applying 2-qubit gates 3-locally

m the railroad (M@ aYa
switch /& Q \__) \_/



Applying 2-qubit gates 3-locally

Q)
m the railroad o N
switch “‘"\_@ [ {‘ -
-



Applying 2-qubit gates 3-locally

‘1
‘i
»

m the railroad Q_O @

switch




Applying 2-qubit gates 3-locally

OO

B thg railroad (@ E
switch
o @




Applying 2-qubit gates 3-locally

()

R e

m the railroad .ii)_Ci\ ) CNOT: 3-local

. S\ =S )
switch —~ needs initialization
C F

ol




Applying 2-qubit gates 3-locally

0
§ W A
P ory \
m the railroad 40<‘=b+b">_ CNOT: 3-local
. 0
switch | needs initialization
| SH Th‘ |

m a domain wall switch?

OYOYOYOYORG @-@®-O-0OC
path bottom
oo O-@-® ot oo OYOYO



A train switch with a domain wall?

/ mm \
»\!/»

B a domain wall switch?

OYOYOYOYO R @©-@-O-OC
path bottom
oo O-@-® ot oo ©-@-®
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Combining a railroad switch with a domain wall?

B a domain wall switch?

OYOYOYOYO R @©-@-O-OC
path bottom
oo O-@-® ot oo ©-@-®



2D clocks (with two registers)

m two clocks

®
®
®
®
®

OJOJOZOR0
?
o




2D clocks (with two registers)

m two clocks

020202020

.
T

Oa0202020



2D clocks (with two registers)

020202020

@

. X

m add non-commuting (data) operations

O0Z02020
4

gieY

)0 C
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C
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N\
Q3
N
QY
N
X
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Q
N
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2D clocks (with two registers)

m add non-commuting (data) operations




2D clocks (with two registers): fixing the mess

B remove some transitions

%

2°

4l
S
'4ge
S
'4ge
S
4l
S
4l
S

A A A A




2D clocks (with two registers): fixing the mess

m condition transitions on a data (control) qubit

control; O



2D clocks (with two registers): fixing the mess

m condition transitions on a data (control) qubit

-@%—Q—O—

1-0‘
0=
0
— (=
i | [ |
1 (P I |
N\

control: O 1
)



2D clocks (with two registers)

m condition transitions on a data (control) qubit

020202020

(0 0—% @




2D clocks (with two registers)

m there is no “bound” ground state (O don't commute)

&

control; O

|

2°

fate)
S
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S
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—~O

2 4 £ 4




2D clocks (with two registers)




2D clocks (with two registers)




2D clocks (with two registers)

m like a railroad switch... with tracks left behind!

® —=

9 ) )

¢ o l
(® X O

CR— O



clock 2

EEE—

clock 1

2-qubit
gate
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projection lemma




projection lemma




projection lemma



projection lemma




no solution?
all states have
a high energy




Jnfrustrated

QIHOA T

) QMA,
COMPLETE







